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We consider a collective quantum spin-s in contact with Markovian spin-polarized baths. Using a
conserved super-operator charge, a differential representation of the Liouvillian is constructed to find
its exact spectrum and eigen-modes. We study the spectral properties of the model in the large-s
limit using a semi-classical quantization condition and show that the spectral density may diverge
along certain curves in the complex plane. We exploit our exact solution to characterize steady-
state properties, in particular at the discontinuous phase transition that arises for unpolarized
environments, and to determine the decay rates of coherences and populations. Our approach
provides a systematic way of finding integrable Liouvillian operators with non-trivial steady-states
as well as a way to study their spectral properties and eigen-modes.
Understanding the non-equilibrium dynamics of a
quantum system coupled to its environments is of central
importance for the possible improvement of current tech-
nologies such as nuclear magnetic resonance, electronic
and optical spectroscopy and inelastic neutron scattering.
It is also a key ingredient for a coherent manipulation of
quantum states, for classical and quantum information
processing, sensing and metrology. However, modeling
the open quantum dynamics of interacting systems re-
mains a major theoretical challenge.
In most cases, the problem can be reduced to the study
of a subsystem of the full system for which the reduced
density matrix evolves under an effective Liouvillian op-
erator, ∂tρ = L (ρ). When the coupling to the envi-
ronment is weak and its memory times are short, the
Liouvillian becomes of the Lindblad form [1]:




where LH (ρ) = −i [H, ρ] corresponds to the unitary
evolution under the Hamiltonian H, and DW` (ρ) =
W`ρW
†
` − 12W †`W`ρ − 12ρW †`W` to the contribution of
each dissipative channel by the action of the jump opera-
torW` . In this form the problem becomes amenable to a
number of standard analytic and numeric methods, such
as semi-classical, mean-field, or perturbative approxima-
tions, Bethe ansatz, exact diagonalization, tensor net-
work methods, etc.
Remarkably, a number of exact results for model sys-
tems have been recently constructed [2–15]. For interact-
ing models, there are two known routes to systematically
obtain exact solutions: (i) mapping the Liouvillian to a
non-Hermitian Hamiltonian that acts on two copies of
a system for which an exact solution of the joint prob-
lem is known [10–13]; or (ii) using a matrix-product op-
erator ansatz to identify the algebraic structure of the
steady-state [4–8]. All known examples of (i) use Hermi-
tian jump operators which leads to a maximally-mixed
and featureless steady-state but allows to study the spec-
trum that determines the dynamics. On the other hand,
method (ii) only provides a solution for the steady-state.
The spectrum and structure of the other eigen-modes
remain an open problem. Exact solutions for both the
spectrum and the eigen-modes, that support a non-trivial
steady-state, are only known for quadratic bosonic or
fermionic models [2, 3].
In this letter, we consider the dissipative dynamics of
a quantum spin-s, for large s, under a local field h
H = −hSz (2)
in contact with Markovian spin-polarized baths charac-









where Γ0 characterizes the decoherence rate and Γ
(1∓p)
2
are the spin-injection and subtraction rates in a reservoir
with a net polarization p. We show that this model ad-
mits an exact solution for the full Liouvillian spectrum
and eigen-modes while, at the same time, it supports a
non-trivial steady-state. This solution allows us to de-
termine the spectral density in the large s limit and to
characterize the steady-state, which undergoes a phase
transition where the magnetization changes discontinu-
ously. This method is particularly useful to compute the
decay rates of coherences and populations at the phase
transition point where perturbative 1/s expansions fail.
A collective spin is described by a single conjugate pair
of variables. Therefore, quantum Hamiltonians of a single
spin-s are integrable [16–19]. Super-operators, needed
to describe dissipative dynamics, act on a space that is
isomorphic to two copies of the initial Hilbert space. This
effective two-variable problem seems in general not to
be integrable. The construction of our exact solution
crucially uses the fact that L commutes with a conserved
super-operator Qz, that, in the present case, is simply
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Figure 1. Left: Spectrum of the Liouvillian computed for
h = 1, Γ = 1.2, p = 0.9, Γ0 = 0.2 and s = 17. The eigenvalues
corresponding to q = 6 are shown in red. The gray curves are
analytical predictions (λk(x = ImΛ/(2hs)) = ReΛ/s) for the
edges of the spectrum for s → ∞. Insets: Root structure of
the eigen-modes. The (inverse) roots corresponding to some
of the eigen-modes are plotted in the complex plane – black
points. The branch-points rk=1,...,4 of G0 are depicted as
orange.
problem to that of one effective degree of freedom and
generalizes to cases where Qz is more complex.
Collective spin models with Markovian dissipation
have been considered to describe spontaneous emission
of ensembles of two-level atoms [20–28]. Recently, they
were also used to model tunneling spectroscopy of atomic
magnets deposited on metallic surfaces in the large bias
regime [29, 30]. For some remarkable cases [22, 31], the
steady-state density matrix can be exactly constructed.
Otherwise, when no such solution is known, the problem
is still amenable to semi-classical methods [24–26, 30].
These studies showed that collective spin models host
a number of phases with qualitatively different steady-
states properties and relaxation regimes. Nevertheless,
to our knowledge, an exact solution of the eigenvalue
problem for the Liouvillian operator was not known to
date.
The Hilbert space of the collective spin is spanned by
the Dicke states |m〉, m ∈ {−s,−s + 1, . . . , s}, obey-
ing S± |m〉 =
√
(s∓m)(s±m+ 1) |m± 1〉, Sz |m〉 =
m |m〉. An eigen-mode ρ of L, such that L (ρ) = Λρ,
also belongs to an eigen-space of Qz (ρ) = qρ charac-
terized by the eigenvalue q and spanned by the basis
|q + κ− s〉 〈κ− s|, with κ ∈ {0, 1..., 2s− q}. Thus, q can
be seen as a label of a collection of finite chains and κ as
the coordinate along each chain that has a dimension of
2s− q+ 1. The operators S−ρS+ and S+ρS− correspond
to nearest neighbor hoppings (κ→ κ− 1 and κ→ κ+ 1)
in each finite chain.
This construction resembles that of an isolated spin-s
for which a representation based on spin coherent states
can be used to expose the integrable structure of the
problem [17, 18]. The later relies on the fact that, in
spin coherent states basis, a given state is a polynomial
of a single variable on which the Hamiltonian acts as
a differential operator. Here, we proceed in a similar
manner, however not relaying on the SU(2) structure to
define the coherent states. Instead, we define a family of





κ |q + κ− s〉 〈κ− s| , (4)






fixed by requiring that the action of S−ρS+ and S+ρS−
can be written as differential operators (see below) and
that both operators are extensive in s. The inner prod-
uct of a generic density matrix with a coherent-operator,
Ψ
(q)






, defines a set of representa-
tives of ρ in the space of polynomials of z¯ of order 2s− q.
In this representation, a super-operator O acting on ρ
translates to a differential operator
Ψ
(q)
O(ρ) (z¯) = O (z¯, ∂z¯) Ψ(q)ρ (z¯) . (5)
For the diagonal super-operators, i.e. whose action on
basis states are of the form O (|q + κ− s〉 〈κ− s|) =
o (κ) |q + κ− s〉 〈κ− s|, we can simply write Ψ(q)O(ρ) (z¯) =
o (z¯∂z¯) Ψ
(q)
ρ (z¯). The action of the two non-diagonal oper-
ators in Eq. (1), i.e. S−ρS+ and S+ρS−, can be obtained
by a straightforward calculation yielding
Ψ
(q)
S−ρS+ (z¯) = ∂z¯ (2s+ 1− z¯∂z¯) Ψρ (z¯) , (6)
Ψ
(q)
S+ρS− (z¯) = z¯ (2s− q − z¯∂z¯) (z¯∂z¯ + 1 + q) Ψρ (z¯) . (7)
In this representation, the eigen-system equation of L is
given by L(q) (z¯, ∂z¯) Ψ(q) (z¯) = ΛΨ(q) (z¯) with

































2Γ(p − 1)(z¯ − 1)z¯ and P2 (z¯) = 14Γz¯(z¯ −
1) [1 + p− (1− p) z]. Considering the factorizable form
of Ψ(q) (z¯) = C
∏2s−q
i=0 (z¯ − z¯i), with C an non-zero con-
stant, and that the roots z¯i are non-degenerate, we can
expand the eigenvalue equation around z¯i, obtaining a
set of Bethe-like equations∑
j 6=i
1
z¯i − z¯j =
(1− p) ( q2 + 1)







3whose solution provides the 2s − q roots that determine
univocally the eigen-mode of L. Fig. 1 shows the spec-
trum and the root structure for some of the eigen-modes.
The spectrum is constituted of two regions with distinct
eigenvalue distribution. The two regions are separated by
a line where eigenvalues seem to accumulate. The reg-
ular spectral structure observed in region I near Λ = 0
has been identified in Ref. [30] using a Holstein-Primakoff
transformation to a bosonic system and a subsequent per-
turbative expansion in 1/s. This approach is only able to




and thus misses the
spectral structure away from the origin.
The root structure of the eigen-modes, shown as in-
sets in Fig. 1, changes depending on which region the
corresponding eigenvalues belong to. In region I, the ex-
citation number of the eigen-mode can be obtained by
counting the number of roots nI that lie within the two
disconnected segments on the real axes depicted in blue.
In region II, the excitation number is given by 2s−q−nII,
where nII is the number of roots that lie along a circle
around the origin depicted as a gray line.
In order to study the spectrum in the large s limit it
is useful to derive a Riccati-like equation for the loga-




i (z¯ − z¯i)−1. For this quantity, the contour inte-
gral around a closed path γ∫
γ
dz¯ G (z¯) =
2pii
2s− qn, (10)
is quantized, with n being the number of zeros of Ψρ (z¯)
encircled by γ. This quantization condition can be used
to fix the real part of Λ. The imaginary part is fixed by
the sector of Qz: Im (Λ/s) = −qh.
Setting Λ = s (λ− i2hx) and q = 2sx, where λ ∈
R and x ∈ [0, 1] are of order zero in s, and expanding
G (z¯) = G0 (z¯)+
1
sG1 (z¯)+..., we obtain a set of equations
that can be solved hierarchically for each power of s. The
leading order term yields an algebraic relation for G0 (z¯):
λ+ i2hx = P0,0 (z¯) + 2 (1− x)P1,0 (z¯)G0 (z¯)
+ 4 (1− x)2 P2 (z¯)G20 (z¯) . (11)
The solution can be put in the form G0 (z¯) =[
Q (z¯)±√W (z¯)] /D (z¯), where Q (z¯) and D (z¯) are sec-





is a fourth order with polynomial roots
r−1k . The structure of these roots determines the bound-
aries of the branch cuts of G0 (z¯). The cuts can be seen
as the results of the accumulation of the poles z¯i along
certain lines in the complex plane. Accidents in the spec-
trum, such as spectral boundaries and lines where the
spectrum changes nature arise when two or more of the
roots meet, in which case ∂z¯W (z¯i) = 0. This condition
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r2
<latexit sha1_base64="2qjB/Psf3NrIyhz2k+/5IBRH0Ck=">AAAF9HicjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiwrIAF7ArMtJXqUeU4Nxkr ThzZN9NW6XwCW9iwQ2z5H8TP4GQyVR8u1FKiq3vOuS/5OiqVtDgY/F5ZvbXWu31n/e7GvfsPHj7a3Hq8a3VlBIyFVtrsR9yCkgWMUaKC/dIAzyMFe1H2tsH3ZmCs1MUIT0qY5DwtZCIFR+f6bA6Hh5vBoD9oD71qhJ0RkO7sHG6t/WGxFlUOBQrFrT0IByVOam5QCgXzDVZZKLnIeAoHzix4DnZSt7XO 6XPniWmijfsKpK33vKLmubUneeSYOcepvYw1Th92UGHyelLLoqwQCrFIlFSKoqZN4zSWBgSqE2dwYaSrlYopN1ygG8+GN423rgvO1PByKsXxRS9YWeDcxUyVjrhiShcpiyFhGWAQ1kxBgqc0CJmR6RSZ4UWqgPoEkeFLAVMLWhDShe7Um+FcCrYLBm+Wxpun07VRrimuzRYM/co+XXY6pDerIbtJvK6t 4f9D8tm1w/uXDE3NEI6xRjP34aMlPvLjZVyzstkGrnywzDv5h9wrN9Dhn8CL27ToCM7yMt4BdgxneRk8smcXcTle732qytp93Bh95INjfeSKaf4dhfruZM2adYqSOpv7GUeZPeMwnUPKaTZnVqY59wtmoim/UwSht8dFi5FWcbO3Wl3Ha/elnVZDcM9hePnxu2rsDvvhoB9+fBlsv+kexnXylDwjL0h IXpFt8p7skDERJCVfyFfyrTfrfe/96P1cUFdXOs0TcuH0fv0FORkPug==</latexit><latexit sha1_base64="2qjB/Psf3NrIyhz2k+/5IBRH0Ck=">AAAF9HicjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiwrIAF7ArMtJXqUeU4Nxkr ThzZN9NW6XwCW9iwQ2z5H8TP4GQyVR8u1FKiq3vOuS/5OiqVtDgY/F5ZvbXWu31n/e7GvfsPHj7a3Hq8a3VlBIyFVtrsR9yCkgWMUaKC/dIAzyMFe1H2tsH3ZmCs1MUIT0qY5DwtZCIFR+f6bA6Hh5vBoD9oD71qhJ0RkO7sHG6t/WGxFlUOBQrFrT0IByVOam5QCgXzDVZZKLnIeAoHzix4DnZSt7XO 6XPniWmijfsKpK33vKLmubUneeSYOcepvYw1Th92UGHyelLLoqwQCrFIlFSKoqZN4zSWBgSqE2dwYaSrlYopN1ygG8+GN423rgvO1PByKsXxRS9YWeDcxUyVjrhiShcpiyFhGWAQ1kxBgqc0CJmR6RSZ4UWqgPoEkeFLAVMLWhDShe7Um+FcCrYLBm+Wxpun07VRrimuzRYM/co+XXY6pDerIbtJvK6t 4f9D8tm1w/uXDE3NEI6xRjP34aMlPvLjZVyzstkGrnywzDv5h9wrN9Dhn8CL27ToCM7yMt4BdgxneRk8smcXcTle732qytp93Bh95INjfeSKaf4dhfruZM2adYqSOpv7GUeZPeMwnUPKaTZnVqY59wtmoim/UwSht8dFi5FWcbO3Wl3Ha/elnVZDcM9hePnxu2rsDvvhoB9+fBlsv+kexnXylDwjL0h IXpFt8p7skDERJCVfyFfyrTfrfe/96P1cUFdXOs0TcuH0fv0FORkPug==</latexit><latexit sha1_base64="2qjB/Psf3NrIyhz2k+/5IBRH0Ck=">AAAF9HicjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiwrIAF7ArMtJXqUeU4Nxkr ThzZN9NW6XwCW9iwQ2z5H8TP4GQyVR8u1FKiq3vOuS/5OiqVtDgY/F5ZvbXWu31n/e7GvfsPHj7a3Hq8a3VlBIyFVtrsR9yCkgWMUaKC/dIAzyMFe1H2tsH3ZmCs1MUIT0qY5DwtZCIFR+f6bA6Hh5vBoD9oD71qhJ0RkO7sHG6t/WGxFlUOBQrFrT0IByVOam5QCgXzDVZZKLnIeAoHzix4DnZSt7XO 6XPniWmijfsKpK33vKLmubUneeSYOcepvYw1Th92UGHyelLLoqwQCrFIlFSKoqZN4zSWBgSqE2dwYaSrlYopN1ygG8+GN423rgvO1PByKsXxRS9YWeDcxUyVjrhiShcpiyFhGWAQ1kxBgqc0CJmR6RSZ4UWqgPoEkeFLAVMLWhDShe7Um+FcCrYLBm+Wxpun07VRrimuzRYM/co+XXY6pDerIbtJvK6t 4f9D8tm1w/uXDE3NEI6xRjP34aMlPvLjZVyzstkGrnywzDv5h9wrN9Dhn8CL27ToCM7yMt4BdgxneRk8smcXcTle732qytp93Bh95INjfeSKaf4dhfruZM2adYqSOpv7GUeZPeMwnUPKaTZnVqY59wtmoim/UwSht8dFi5FWcbO3Wl3Ha/elnVZDcM9hePnxu2rsDvvhoB9+fBlsv+kexnXylDwjL0h IXpFt8p7skDERJCVfyFfyrTfrfe/96P1cUFdXOs0TcuH0fv0FORkPug==</latexit><latexit sha1_base64="2qjB/Psf3NrIyhz2k+/5IBRH0Ck=">AAAF9HicjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiwrIAF7ArMtJXqUeU4Nxkr ThzZN9NW6XwCW9iwQ2z5H8TP4GQyVR8u1FKiq3vOuS/5OiqVtDgY/F5ZvbXWu31n/e7GvfsPHj7a3Hq8a3VlBIyFVtrsR9yCkgWMUaKC/dIAzyMFe1H2tsH3ZmCs1MUIT0qY5DwtZCIFR+f6bA6Hh5vBoD9oD71qhJ0RkO7sHG6t/WGxFlUOBQrFrT0IByVOam5QCgXzDVZZKLnIeAoHzix4DnZSt7XO 6XPniWmijfsKpK33vKLmubUneeSYOcepvYw1Th92UGHyelLLoqwQCrFIlFSKoqZN4zSWBgSqE2dwYaSrlYopN1ygG8+GN423rgvO1PByKsXxRS9YWeDcxUyVjrhiShcpiyFhGWAQ1kxBgqc0CJmR6RSZ4UWqgPoEkeFLAVMLWhDShe7Um+FcCrYLBm+Wxpun07VRrimuzRYM/co+XXY6pDerIbtJvK6t 4f9D8tm1w/uXDE3NEI6xRjP34aMlPvLjZVyzstkGrnywzDv5h9wrN9Dhn8CL27ToCM7yMt4BdgxneRk8smcXcTle732qytp93Bh95INjfeSKaf4dhfruZM2adYqSOpv7GUeZPeMwnUPKaTZnVqY59wtmoim/UwSht8dFi5FWcbO3Wl3Ha/elnVZDcM9hePnxu2rsDvvhoB9+fBlsv+kexnXylDwjL0h IXpFt8p7skDERJCVfyFfyrTfrfe/96P1cUFdXOs0TcuH0fv0FORkPug==</latexit>
r3
<latexit sha1_base64="Cjp9/Tt/owoV3kYeKk6SyhEg2c0=">AAAF9HicjVTLbtQwFHVLB0p5tbBkYxEhsRpNhkqwrIAF7Ar0JdWjynFuMlac OLJvZlql8wlsYcMOseV/ED+Dk8lUfbhQS4mu7jnnvuTrqFTS4mDwe2n51krv9p3Vu2v37j94+Gh94/Ge1ZURsCu00uYg4haULGAXJSo4KA3wPFKwH2VvG3x/AsZKXezgSQmjnKeFTKTg6FyfzdHLo/Vg0B+0h141ws4ISHe2jzZW/rBYiyqHAoXi1h6GgxJHNTcohYLZGqsslFxkPIVDZxY8Bzuq21pn 9LnzxDTRxn0F0tZ7XlHz3NqTPHLMnOPYXsYapw87rDB5PaplUVYIhZgnSipFUdOmcRpLAwLViTO4MNLVSsWYGy7QjWfNm8Zb1wVnang5luL4ohesLHDmYqZKR1wxpYuUxZCwDDAIa6YgwVMahMzIdIzM8CJVQH2CyPCFgKk5LQjpXHfqzXAuBdsDgzdL483T6doo1xTXZguGfmWfLjod0pvVkN0kXtfW 8P8h+eTa4f1LhqZmCMdYo5n58J0FvuPHy7hmZbMNXPlgmXfyD7lXbqDDP4EXt2nREZzlZbwD7BjO8jJ4ZM8u4mK83vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38jGlmzzhM55Byms2YlWnO/YKJaMrvFEHo7XHeYqRV3OytVtfx2n1pp9UQ3HMYXn78rhp7w3446IcfN4OtN93DuEqekmfkBQn JK7JF3pNtsksESckX8pV8601633s/ej/n1OWlTvOEXDi9X38BPqcPuw==</latexit><latexit sha1_base64="Cjp9/Tt/owoV3kYeKk6SyhEg2c0=">AAAF9HicjVTLbtQwFHVLB0p5tbBkYxEhsRpNhkqwrIAF7Ar0JdWjynFuMlac OLJvZlql8wlsYcMOseV/ED+Dk8lUfbhQS4mu7jnnvuTrqFTS4mDwe2n51krv9p3Vu2v37j94+Gh94/Ge1ZURsCu00uYg4haULGAXJSo4KA3wPFKwH2VvG3x/AsZKXezgSQmjnKeFTKTg6FyfzdHLo/Vg0B+0h141ws4ISHe2jzZW/rBYiyqHAoXi1h6GgxJHNTcohYLZGqsslFxkPIVDZxY8Bzuq21pn 9LnzxDTRxn0F0tZ7XlHz3NqTPHLMnOPYXsYapw87rDB5PaplUVYIhZgnSipFUdOmcRpLAwLViTO4MNLVSsWYGy7QjWfNm8Zb1wVnang5luL4ohesLHDmYqZKR1wxpYuUxZCwDDAIa6YgwVMahMzIdIzM8CJVQH2CyPCFgKk5LQjpXHfqzXAuBdsDgzdL483T6doo1xTXZguGfmWfLjod0pvVkN0kXtfW 8P8h+eTa4f1LhqZmCMdYo5n58J0FvuPHy7hmZbMNXPlgmXfyD7lXbqDDP4EXt2nREZzlZbwD7BjO8jJ4ZM8u4mK83vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38jGlmzzhM55Byms2YlWnO/YKJaMrvFEHo7XHeYqRV3OytVtfx2n1pp9UQ3HMYXn78rhp7w3446IcfN4OtN93DuEqekmfkBQn JK7JF3pNtsksESckX8pV8601633s/ej/n1OWlTvOEXDi9X38BPqcPuw==</latexit><latexit sha1_base64="Cjp9/Tt/owoV3kYeKk6SyhEg2c0=">AAAF9HicjVTLbtQwFHVLB0p5tbBkYxEhsRpNhkqwrIAF7Ar0JdWjynFuMlac OLJvZlql8wlsYcMOseV/ED+Dk8lUfbhQS4mu7jnnvuTrqFTS4mDwe2n51krv9p3Vu2v37j94+Gh94/Ge1ZURsCu00uYg4haULGAXJSo4KA3wPFKwH2VvG3x/AsZKXezgSQmjnKeFTKTg6FyfzdHLo/Vg0B+0h141ws4ISHe2jzZW/rBYiyqHAoXi1h6GgxJHNTcohYLZGqsslFxkPIVDZxY8Bzuq21pn 9LnzxDTRxn0F0tZ7XlHz3NqTPHLMnOPYXsYapw87rDB5PaplUVYIhZgnSipFUdOmcRpLAwLViTO4MNLVSsWYGy7QjWfNm8Zb1wVnang5luL4ohesLHDmYqZKR1wxpYuUxZCwDDAIa6YgwVMahMzIdIzM8CJVQH2CyPCFgKk5LQjpXHfqzXAuBdsDgzdL483T6doo1xTXZguGfmWfLjod0pvVkN0kXtfW 8P8h+eTa4f1LhqZmCMdYo5n58J0FvuPHy7hmZbMNXPlgmXfyD7lXbqDDP4EXt2nREZzlZbwD7BjO8jJ4ZM8u4mK83vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38jGlmzzhM55Byms2YlWnO/YKJaMrvFEHo7XHeYqRV3OytVtfx2n1pp9UQ3HMYXn78rhp7w3446IcfN4OtN93DuEqekmfkBQn JK7JF3pNtsksESckX8pV8601633s/ej/n1OWlTvOEXDi9X38BPqcPuw==</latexit><latexit sha1_base64="Cjp9/Tt/owoV3kYeKk6SyhEg2c0=">AAAF9HicjVTLbtQwFHVLB0p5tbBkYxEhsRpNhkqwrIAF7Ar0JdWjynFuMlac OLJvZlql8wlsYcMOseV/ED+Dk8lUfbhQS4mu7jnnvuTrqFTS4mDwe2n51krv9p3Vu2v37j94+Gh94/Ge1ZURsCu00uYg4haULGAXJSo4KA3wPFKwH2VvG3x/AsZKXezgSQmjnKeFTKTg6FyfzdHLo/Vg0B+0h141ws4ISHe2jzZW/rBYiyqHAoXi1h6GgxJHNTcohYLZGqsslFxkPIVDZxY8Bzuq21pn 9LnzxDTRxn0F0tZ7XlHz3NqTPHLMnOPYXsYapw87rDB5PaplUVYIhZgnSipFUdOmcRpLAwLViTO4MNLVSsWYGy7QjWfNm8Zb1wVnang5luL4ohesLHDmYqZKR1wxpYuUxZCwDDAIa6YgwVMahMzIdIzM8CJVQH2CyPCFgKk5LQjpXHfqzXAuBdsDgzdL483T6doo1xTXZguGfmWfLjod0pvVkN0kXtfW 8P8h+eTa4f1LhqZmCMdYo5n58J0FvuPHy7hmZbMNXPlgmXfyD7lXbqDDP4EXt2nREZzlZbwD7BjO8jJ4ZM8u4mK83vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38jGlmzzhM55Byms2YlWnO/YKJaMrvFEHo7XHeYqRV3OytVtfx2n1pp9UQ3HMYXn78rhp7w3446IcfN4OtN93DuEqekmfkBQn JK7JF3pNtsksESckX8pV8601633s/ej/n1OWlTvOEXDi9X38BPqcPuw==</latexit>
Re (⇤/s)
Im (⇤/s)
1<latexit sha1_ base64="OuOekPUzZTw6huwKlg wI0sROQmg=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRkiF XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5dsKj9WDQH7SHXjfCzgh Id7aPNlb+sFiLKocCheLWHoaDE sc1NyiFgtkaqyyUXGQ8hUNnFjw HO67bSmf0pfPENNHGfQXS1ntRU fPc2tM8csyc48RexRqnDzusMHk zrmVRVgiFmCdKKkVR06ZtGksDA tWpM7gw0tVKxYQbLtANZ82bxlv XJWdqeDmR4uSyF6wscOZipkpHX DGli5TFkLAMMAhrpiDBMxqEzMh 0gszwIlVAfYLI8IWAqTktCOlcd+ bNcCEF2wODt0vjzdPp2ig3FNdm C4Z+ZZ8uOh3S29WQ3SZe19bw/y H58Y3D+5cMTc0QTrBGM/Phuwt8 14+Xcc3KZhu48sEy7+Sfcq/cQI d/Bi9u06IjOMvL+ADYMZzlZfDI nl/ExXi996kqa/dxY/TUB8d66o pp/h2F+u5kzZp1ipI6m/kZ08ye c5jOIeU0mzEr05z7BceiKb9TBK G3x3mLkVZxs7da3cRr96WdVkNwz 2F49fG7boyG/bf9cOd1sPWuexd XyXPygrwiIdkkW+Qj2SYjIgiQL +Qr+dbD3vfej97POXV5qdM8I5d O79dfRAUOqA==</latexit><latexit sha1_ base64="OuOekPUzZTw6huwKlg wI0sROQmg=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRkiF XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5dsKj9WDQH7SHXjfCzgh Id7aPNlb+sFiLKocCheLWHoaDE sc1NyiFgtkaqyyUXGQ8hUNnFjw HO67bSmf0pfPENNHGfQXS1ntRU fPc2tM8csyc48RexRqnDzusMHk zrmVRVgiFmCdKKkVR06ZtGksDA tWpM7gw0tVKxYQbLtANZ82bxlv XJWdqeDmR4uSyF6wscOZipkpHX DGli5TFkLAMMAhrpiDBMxqEzMh 0gszwIlVAfYLI8IWAqTktCOlcd+ bNcCEF2wODt0vjzdPp2ig3FNdm C4Z+ZZ8uOh3S29WQ3SZe19bw/y H58Y3D+5cMTc0QTrBGM/Phuwt8 14+Xcc3KZhu48sEy7+Sfcq/cQI d/Bi9u06IjOMvL+ADYMZzlZfDI nl/ExXi996kqa/dxY/TUB8d66o pp/h2F+u5kzZp1ipI6m/kZ08ye c5jOIeU0mzEr05z7BceiKb9TBK G3x3mLkVZxs7da3cRr96WdVkNwz 2F49fG7boyG/bf9cOd1sPWuexd XyXPygrwiIdkkW+Qj2SYjIgiQL +Qr+dbD3vfej97POXV5qdM8I5d O79dfRAUOqA==</latexit><latexit sha1_ base64="OuOekPUzZTw6huwKlg wI0sROQmg=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRkiF XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5dsKj9WDQH7SHXjfCzgh Id7aPNlb+sFiLKocCheLWHoaDE sc1NyiFgtkaqyyUXGQ8hUNnFjw HO67bSmf0pfPENNHGfQXS1ntRU fPc2tM8csyc48RexRqnDzusMHk zrmVRVgiFmCdKKkVR06ZtGksDA tWpM7gw0tVKxYQbLtANZ82bxlv XJWdqeDmR4uSyF6wscOZipkpHX DGli5TFkLAMMAhrpiDBMxqEzMh 0gszwIlVAfYLI8IWAqTktCOlcd+ bNcCEF2wODt0vjzdPp2ig3FNdm C4Z+ZZ8uOh3S29WQ3SZe19bw/y H58Y3D+5cMTc0QTrBGM/Phuwt8 14+Xcc3KZhu48sEy7+Sfcq/cQI d/Bi9u06IjOMvL+ADYMZzlZfDI nl/ExXi996kqa/dxY/TUB8d66o pp/h2F+u5kzZp1ipI6m/kZ08ye c5jOIeU0mzEr05z7BceiKb9TBK G3x3mLkVZxs7da3cRr96WdVkNwz 2F49fG7boyG/bf9cOd1sPWuexd XyXPygrwiIdkkW+Qj2SYjIgiQL +Qr+dbD3vfej97POXV5qdM8I5d O79dfRAUOqA==</latexit><latexit sha1_ base64="OuOekPUzZTw6huwKlg wI0sROQmg=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRkiF XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5dsKj9WDQH7SHXjfCzgh Id7aPNlb+sFiLKocCheLWHoaDE sc1NyiFgtkaqyyUXGQ8hUNnFjw HO67bSmf0pfPENNHGfQXS1ntRU fPc2tM8csyc48RexRqnDzusMHk zrmVRVgiFmCdKKkVR06ZtGksDA tWpM7gw0tVKxYQbLtANZ82bxlv XJWdqeDmR4uSyF6wscOZipkpHX DGli5TFkLAMMAhrpiDBMxqEzMh 0gszwIlVAfYLI8IWAqTktCOlcd+ bNcCEF2wODt0vjzdPp2ig3FNdm C4Z+ZZ8uOh3S29WQ3SZe19bw/y H58Y3D+5cMTc0QTrBGM/Phuwt8 14+Xcc3KZhu48sEy7+Sfcq/cQI d/Bi9u06IjOMvL+ADYMZzlZfDI nl/ExXi996kqa/dxY/TUB8d66o pp/h2F+u5kzZp1ipI6m/kZ08ye c5jOIeU0mzEr05z7BceiKb9TBK G3x3mLkVZxs7da3cRr96WdVkNwz 2F49fG7boyG/bf9cOd1sPWuexd XyXPygrwiIdkkW+Qj2SYjIgiQL +Qr+dbD3vfej97POXV5qdM8I5d O79dfRAUOqA==</latexit>
2<latexit sha1_ base64="9gX561zk7ziQOzvGe3 OFA8zH+Qg=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRkiF XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5doZH68GgP2gPvW6EnRG Q7mwfbaz8YbEWVQ4FCsWtPQwHJ Y5rblAKBbM1Vlkouch4CofOLHg Odly3lc7oS+eJaaKN+wqkrfeio ua5tad55Jg5x4m9ijVOH3ZYYfJ mXMuirBAKMU+UVIqipk3bNJYGB KpTZ3BhpKuVigk3XKAbzpo3jbe uS87U8HIixcllL1hZ4MzFTJWOu GJKFymLIWEZYBDWTEGCZzQImZH pBJnhRaqA+gSR4QsBU3NaENK57s yb4UIKtgcGb5fGm6fTtVFuKK7N Fgz9yj5ddDqkt6shu028rq3h/0 Py4xuH9y8ZmpohnGCNZubDdxf4 rh8v45qVzTZw5YNl3sk/5V65gQ 7/DF7cpkVHcJaX8QGwYzjLy+CR Pb+Ii/F671NV1u7jxuipD4711B XT/DsK9d3JmjXrFCV1NvMzppk9 5zCdQ8ppNmNWpjn3C45FU36nCE Jvj/MWI63iZm+1uonX7ks7rYbgn sPw6uN33RgN+2/74c7rYOtd9y6 ukufkBXlFQrJJtshHsk1GRBAgX 8hX8q2Hve+9H72fc+ryUqd5Ri6 d3q+/SZIOqQ==</latexit><latexit sha1_ base64="9gX561zk7ziQOzvGe3 OFA8zH+Qg=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRkiF XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5doZH68GgP2gPvW6EnRG Q7mwfbaz8YbEWVQ4FCsWtPQwHJ Y5rblAKBbM1Vlkouch4CofOLHg Odly3lc7oS+eJaaKN+wqkrfeio ua5tad55Jg5x4m9ijVOH3ZYYfJ mXMuirBAKMU+UVIqipk3bNJYGB KpTZ3BhpKuVigk3XKAbzpo3jbe uS87U8HIixcllL1hZ4MzFTJWOu GJKFymLIWEZYBDWTEGCZzQImZH pBJnhRaqA+gSR4QsBU3NaENK57s yb4UIKtgcGb5fGm6fTtVFuKK7N Fgz9yj5ddDqkt6shu028rq3h/0 Py4xuH9y8ZmpohnGCNZubDdxf4 rh8v45qVzTZw5YNl3sk/5V65gQ 7/DF7cpkVHcJaX8QGwYzjLy+CR Pb+Ii/F671NV1u7jxuipD4711B XT/DsK9d3JmjXrFCV1NvMzppk9 5zCdQ8ppNmNWpjn3C45FU36nCE Jvj/MWI63iZm+1uonX7ks7rYbgn sPw6uN33RgN+2/74c7rYOtd9y6 ukufkBXlFQrJJtshHsk1GRBAgX 8hX8q2Hve+9H72fc+ryUqd5Ri6 d3q+/SZIOqQ==</latexit><latexit sha1_ base64="9gX561zk7ziQOzvGe3 OFA8zH+Qg=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRkiF XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5doZH68GgP2gPvW6EnRG Q7mwfbaz8YbEWVQ4FCsWtPQwHJ Y5rblAKBbM1Vlkouch4CofOLHg Odly3lc7oS+eJaaKN+wqkrfeio ua5tad55Jg5x4m9ijVOH3ZYYfJ mXMuirBAKMU+UVIqipk3bNJYGB KpTZ3BhpKuVigk3XKAbzpo3jbe uS87U8HIixcllL1hZ4MzFTJWOu GJKFymLIWEZYBDWTEGCZzQImZH pBJnhRaqA+gSR4QsBU3NaENK57s yb4UIKtgcGb5fGm6fTtVFuKK7N Fgz9yj5ddDqkt6shu028rq3h/0 Py4xuH9y8ZmpohnGCNZubDdxf4 rh8v45qVzTZw5YNl3sk/5V65gQ 7/DF7cpkVHcJaX8QGwYzjLy+CR Pb+Ii/F671NV1u7jxuipD4711B XT/DsK9d3JmjXrFCV1NvMzppk9 5zCdQ8ppNmNWpjn3C45FU36nCE Jvj/MWI63iZm+1uonX7ks7rYbgn sPw6uN33RgN+2/74c7rYOtd9y6 ukufkBXlFQrJJtshHsk1GRBAgX 8hX8q2Hve+9H72fc+ryUqd5Ri6 d3q+/SZIOqQ==</latexit><latexit sha1_ base64="9gX561zk7ziQOzvGe3 OFA8zH+Qg=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRkiF XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5doZH68GgP2gPvW6EnRG Q7mwfbaz8YbEWVQ4FCsWtPQwHJ Y5rblAKBbM1Vlkouch4CofOLHg Odly3lc7oS+eJaaKN+wqkrfeio ua5tad55Jg5x4m9ijVOH3ZYYfJ mXMuirBAKMU+UVIqipk3bNJYGB KpTZ3BhpKuVigk3XKAbzpo3jbe uS87U8HIixcllL1hZ4MzFTJWOu GJKFymLIWEZYBDWTEGCZzQImZH pBJnhRaqA+gSR4QsBU3NaENK57s yb4UIKtgcGb5fGm6fTtVFuKK7N Fgz9yj5ddDqkt6shu028rq3h/0 Py4xuH9y8ZmpohnGCNZubDdxf4 rh8v45qVzTZw5YNl3sk/5V65gQ 7/DF7cpkVHcJaX8QGwYzjLy+CR Pb+Ii/F671NV1u7jxuipD4711B XT/DsK9d3JmjXrFCV1NvMzppk9 5zCdQ8ppNmNWpjn3C45FU36nCE Jvj/MWI63iZm+1uonX7ks7rYbgn sPw6uN33RgN+2/74c7rYOtd9y6 ukufkBXlFQrJJtshHsk1GRBAgX 8hX8q2Hve+9H72fc+ryUqd5Ri6 d3q+/SZIOqQ==</latexit>
4<latexit sha1_ base64="PJZGpxbWQnY3mO06xa r3cpij4xc=">AAAF8XicjVTLbt QwFHVLB0p5tbBkYxEhsRpNRpWA XQUsYNeiTlupHlWOc5Ox4sSRfd Nplc4XsIUNK8SWL0L8DE4mU/Xh Qi0lurrnnPuSr6NSSYuDwe+l5T srvbv3Vu+vPXj46PGT9Y2ne1ZX RsBIaKXNQcQtKFnACCUqOCgN8D xSsB9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5djaP1oNBf9Aeet0IOyM g3dk+2lj5w2ItqhwKFIpbexgOS hzX3KAUCmZrrLJQcpHxFA6dWfA c7LhuK53Rl84T00Qb9xVIW+9FR c1za0/zyDFzjhN7FWucPuywwuT NuJZFWSEUYp4oqRRFTZu2aSwNC FSnzuDCSFcrFRNuuEA3nDVvGm9 dl5yp4eVEipPLXrCywJmLmSodc cWULlIWQ8IywCCsmYIEz2gQMiP TCTLDi1QB9QkiwxcCpua0IKRz3Z k3w4UUbA8M3i6NN0+na6PcUFyb LRj6lX266HRIb1dDdpt4XVvD/4 fkxzcO718yNDVDOMEazcyH7y7w XT9exjUrm23gygfLvJN/yr1yAx 3+Gby4TYuO4Cwv4wNgx3CWl8Ej e34RF+P13qeqrN3HjdFTHxzrqS um+XcU6ruTNWvWKUrqbOZnTDN7 zmE6h5TTbMasTHPuFxyLpvxOEY TeHuctRlrFzd5qdROv3Zd2Wg3BP Yfh1cfvujEa9t/2w53NYOtd9y6 ukufkBXlFQvKabJGPZJuMiCBAv pCv5FsPe997P3o/59TlpU7zjFw 6vV9/AVSsDqs=</latexit><latexit sha1_ base64="sqsBF5SmYtZH02st1R OQuHcSHkU=">AAAF7XicjVTLbt QwFHVLB8rwatmysYiQWI0mIyRg VwEL2BU001aqR5Xj3GSsOHFk37 QdpfMFbGHDii2fhPgZnEym6sOF Wkp0dc859yVfR6WSFofD32vrdz Z6d+9t3u8/ePjo8ZOt/vae1ZUR MBFaaXMQcQtKFjBBiQoOSgM8jx TsR9n7Bt8/BmOlLsY4L2Ga87SQi RQcnevzq6OtYDgYtodeN8LOCEh 3do+2N/6wWIsqhwKF4tYehsMSp zU3KIWCRZ9VFkouMp7CoTMLnoO d1m2lC/rCeWKaaOO+Amnrvaioe W7tPI8cM+c4s1exxunDDitM3kx rWZQVQiGWiZJKUdS0aZvG0oBAN XcGF0a6WqmYccMFuuH0vWm8dV1 ypoaXMylOL3vBygIXLmaqdMQVU 7pIWQwJywCDsGYKEjyjQciMTGf IDC9SBdQniAxfCZha0oKQLnVn3g wXUrA9MHi7NN48na6NckNxbbZg 5FcO6KrTEb1dDdlt4nVtjf4fkh /fOLx/ydDUDOEUazQLHz5e4WM/ XsY1K5tt4MoHy7yTf8q9cgMd/g W8uE2LjuAsL+MDYMdwlpfBI3t+ EVfj9d6nqqzdx43RJz441ieumO bfUajvTtasWacoqbOFn3GS2XMO 0zmknGYLZmWac7/gWDTld4og9P a4bDHSKm72VqubeO2+tNNqCO45D K8+fteNyWjwdhAGO++6V3GTPCP PyUsSktdkh3wku2RCBAHylXwj3 3vY+9H7uSSur3WKp+TS6f36C8F aDXQ=</latexit><latexit sha1_ base64="sqsBF5SmYtZH02st1R OQuHcSHkU=">AAAF7XicjVTLbt QwFHVLB8rwatmysYiQWI0mIyRg VwEL2BU001aqR5Xj3GSsOHFk37 QdpfMFbGHDii2fhPgZnEym6sOF Wkp0dc859yVfR6WSFofD32vrdz Z6d+9t3u8/ePjo8ZOt/vae1ZUR MBFaaXMQcQtKFjBBiQoOSgM8jx TsR9n7Bt8/BmOlLsY4L2Ga87SQi RQcnevzq6OtYDgYtodeN8LOCEh 3do+2N/6wWIsqhwKF4tYehsMSp zU3KIWCRZ9VFkouMp7CoTMLnoO d1m2lC/rCeWKaaOO+Amnrvaioe W7tPI8cM+c4s1exxunDDitM3kx rWZQVQiGWiZJKUdS0aZvG0oBAN XcGF0a6WqmYccMFuuH0vWm8dV1 ypoaXMylOL3vBygIXLmaqdMQVU 7pIWQwJywCDsGYKEjyjQciMTGf IDC9SBdQniAxfCZha0oKQLnVn3g wXUrA9MHi7NN48na6NckNxbbZg 5FcO6KrTEb1dDdlt4nVtjf4fkh /fOLx/ydDUDOEUazQLHz5e4WM/ XsY1K5tt4MoHy7yTf8q9cgMd/g W8uE2LjuAsL+MDYMdwlpfBI3t+ EVfj9d6nqqzdx43RJz441ieumO bfUajvTtasWacoqbOFn3GS2XMO 0zmknGYLZmWac7/gWDTld4og9P a4bDHSKm72VqubeO2+tNNqCO45D K8+fteNyWjwdhAGO++6V3GTPCP PyUsSktdkh3wku2RCBAHylXwj3 3vY+9H7uSSur3WKp+TS6f36C8F aDXQ=</latexit><latexit sha1_ base64="sqsBF5SmYtZH02st1R OQuHcSHkU=">AAAF7XicjVTLbt QwFHVLB8rwatmysYiQWI0mIyRg VwEL2BU001aqR5Xj3GSsOHFk37 QdpfMFbGHDii2fhPgZnEym6sOF Wkp0dc859yVfR6WSFofD32vrdz Z6d+9t3u8/ePjo8ZOt/vae1ZUR MBFaaXMQcQtKFjBBiQoOSgM8jx TsR9n7Bt8/BmOlLsY4L2Ga87SQi RQcnevzq6OtYDgYtodeN8LOCEh 3do+2N/6wWIsqhwKF4tYehsMSp zU3KIWCRZ9VFkouMp7CoTMLnoO d1m2lC/rCeWKaaOO+Amnrvaioe W7tPI8cM+c4s1exxunDDitM3kx rWZQVQiGWiZJKUdS0aZvG0oBAN XcGF0a6WqmYccMFuuH0vWm8dV1 ypoaXMylOL3vBygIXLmaqdMQVU 7pIWQwJywCDsGYKEjyjQciMTGf IDC9SBdQniAxfCZha0oKQLnVn3g wXUrA9MHi7NN48na6NckNxbbZg 5FcO6KrTEb1dDdlt4nVtjf4fkh /fOLx/ydDUDOEUazQLHz5e4WM/ XsY1K5tt4MoHy7yTf8q9cgMd/g W8uE2LjuAsL+MDYMdwlpfBI3t+ EVfj9d6nqqzdx43RJz441ieumO bfUajvTtasWacoqbOFn3GS2XMO 0zmknGYLZmWac7/gWDTld4og9P a4bDHSKm72VqubeO2+tNNqCO45D K8+fteNyWjwdhAGO++6V3GTPCP PyUsSktdkh3wku2RCBAHylXwj3 3vY+9H7uSSur3WKp+TS6f36C8F aDXQ=</latexit>





<latexit sha 1_base64="LJTxshizyT7l1+ z56+uv0qPdvuo=">AAAF8Xic jVTLbtQwFHVLB0p5tbBkYxE hsRpNRkiUXQUsYNeiTlupHlW Oc5Ox4sSRfdNplc4XsIUNK8S WL0L8DE4mU/XhQi0lurrnnPu Sr6NSSYuDwe+l5Tsrvbv3Vu +vPXj46PGT9Y2ne1ZXRsBIaK XNQcQtKFnACCUqOCgN8DxSsB 9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5djaP1oNBf9Aeet0IO yMg3dk+2lj5w2ItqhwKFIpbe xgOShzX3KAUCmZrrLJQcpHxF A6dWfAc7LhuK53Rl84T00Qb 9xVIW+9FRc1za0/zyDFzjhN7 FWucPuywwmRzXMuirBAKMU+U VIqipk3bNJYGBKpTZ3BhpKu Vigk3XKAbzpo3jbeuS87U8HI ixcllL1hZ4MzFTJWOuGJKFym LIWEZYBDWTEGCZzQImZHpBJ nhRaqA+gSR4QsBU3NaENK57s yb4UIKtgcGb5fGm6fTtVFuKK 7NFgz9yj5ddDqkt6shu028rq 3h/0Py4xuH9y8ZmpohnGCNZ ubDdxf4rh8v45qVzTZw5YNl3 sk/5V65gQ7/DF7cpkVHcJaX8 QGwYzjLy+CRPb+Ii/F671NV 1u7jxuipD4711BXT/DsK9d3J mjXrFCV1NvMzppk95zCdQ8pp NmNWpjn3C45FU36nCEJvj/MW I63iZm+1uonX7ks7rYbgnsP w6uN33RgN+2/74c7rYOtd9y6 ukufkBXlFQvKGbJGPZJuMiCB AvpCv5FsPe997P3o/59TlpU 7zjFw6vV9/AWrgDq8=</late xit><latexit sha 1_base64="LJTxshizyT7l1+ z56+uv0qPdvuo=">AAAF8Xic jVTLbtQwFHVLB0p5tbBkYxE hsRpNRkiUXQUsYNeiTlupHlW Oc5Ox4sSRfdNplc4XsIUNK8S WL0L8DE4mU/XhQi0lurrnnPu Sr6NSSYuDwe+l5Tsrvbv3Vu +vPXj46PGT9Y2ne1ZXRsBIaK XNQcQtKFnACCUqOCgN8DxSsB 9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5djaP1oNBf9Aeet0IO yMg3dk+2lj5w2ItqhwKFIpbe xgOShzX3KAUCmZrrLJQcpHxF A6dWfAc7LhuK53Rl84T00Qb 9xVIW+9FRc1za0/zyDFzjhN7 FWucPuywwmRzXMuirBAKMU+U VIqipk3bNJYGBKpTZ3BhpKu Vigk3XKAbzpo3jbeuS87U8HI ixcllL1hZ4MzFTJWOuGJKFym LIWEZYBDWTEGCZzQImZHpBJ nhRaqA+gSR4QsBU3NaENK57s yb4UIKtgcGb5fGm6fTtVFuKK 7NFgz9yj5ddDqkt6shu028rq 3h/0Py4xuH9y8ZmpohnGCNZ ubDdxf4rh8v45qVzTZw5YNl3 sk/5V65gQ7/DF7cpkVHcJaX8 QGwYzjLy+CRPb+Ii/F671NV 1u7jxuipD4711BXT/DsK9d3J mjXrFCV1NvMzppk95zCdQ8pp NmNWpjn3C45FU36nCEJvj/MW I63iZm+1uonX7ks7rYbgnsP w6uN33RgN+2/74c7rYOtd9y6 ukufkBXlFQvKGbJGPZJuMiCB AvpCv5FsPe997P3o/59TlpU 7zjFw6vV9/AWrgDq8=</late xit><latexit sha 1_base64="LJTxshizyT7l1+ z56+uv0qPdvuo=">AAAF8Xic jVTLbtQwFHVLB0p5tbBkYxE hsRpNRkiUXQUsYNeiTlupHlW Oc5Ox4sSRfdNplc4XsIUNK8S WL0L8DE4mU/XhQi0lurrnnPu Sr6NSSYuDwe+l5Tsrvbv3Vu +vPXj46PGT9Y2ne1ZXRsBIaK XNQcQtKFnACCUqOCgN8DxSsB 9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5djaP1oNBf9Aeet0IO yMg3dk+2lj5w2ItqhwKFIpbe xgOShzX3KAUCmZrrLJQcpHxF A6dWfAc7LhuK53Rl84T00Qb 9xVIW+9FRc1za0/zyDFzjhN7 FWucPuywwmRzXMuirBAKMU+U VIqipk3bNJYGBKpTZ3BhpKu Vigk3XKAbzpo3jbeuS87U8HI ixcllL1hZ4MzFTJWOuGJKFym LIWEZYBDWTEGCZzQImZHpBJ nhRaqA+gSR4QsBU3NaENK57s yb4UIKtgcGb5fGm6fTtVFuKK 7NFgz9yj5ddDqkt6shu028rq 3h/0Py4xuH9y8ZmpohnGCNZ ubDdxf4rh8v45qVzTZw5YNl3 sk/5V65gQ7/DF7cpkVHcJaX8 QGwYzjLy+CRPb+Ii/F671NV 1u7jxuipD4711BXT/DsK9d3J mjXrFCV1NvMzppk95zCdQ8pp NmNWpjn3C45FU36nCEJvj/MW I63iZm+1uonX7ks7rYbgnsP w6uN33RgN+2/74c7rYOtd9y6 ukufkBXlFQvKGbJGPZJuMiCB AvpCv5FsPe997P3o/59TlpU 7zjFw6vV9/AWrgDq8=</late xit><latexit sha 1_base64="LJTxshizyT7l1+ z56+uv0qPdvuo=">AAAF8Xic jVTLbtQwFHVLB0p5tbBkYxE hsRpNRkiUXQUsYNeiTlupHlW Oc5Ox4sSRfdNplc4XsIUNK8S WL0L8DE4mU/XhQi0lurrnnPu Sr6NSSYuDwe+l5Tsrvbv3Vu +vPXj46PGT9Y2ne1ZXRsBIaK XNQcQtKFnACCUqOCgN8DxSsB 9l7xt8/xiMlbrYxdMSxjlPC 5lIwdG5djaP1oNBf9Aeet0IO yMg3dk+2lj5w2ItqhwKFIpbe xgOShzX3KAUCmZrrLJQcpHxF A6dWfAc7LhuK53Rl84T00Qb 9xVIW+9FRc1za0/zyDFzjhN7 FWucPuywwmRzXMuirBAKMU+U VIqipk3bNJYGBKpTZ3BhpKu Vigk3XKAbzpo3jbeuS87U8HI ixcllL1hZ4MzFTJWOuGJKFym LIWEZYBDWTEGCZzQImZHpBJ nhRaqA+gSR4QsBU3NaENK57s yb4UIKtgcGb5fGm6fTtVFuKK 7NFgz9yj5ddDqkt6shu028rq 3h/0Py4xuH9y8ZmpohnGCNZ ubDdxf4rh8v45qVzTZw5YNl3 sk/5V65gQ7/DF7cpkVHcJaX8 QGwYzjLy+CRPb+Ii/F671NV 1u7jxuipD4711BXT/DsK9d3J mjXrFCV1NvMzppk95zCdQ8pp NmNWpjn3C45FU36nCEJvj/MW I63iZm+1uonX7ks7rYbgnsP w6uN33RgN+2/74c7rYOtd9y6 ukufkBXlFQvKGbJGPZJuMiCB AvpCv5FsPe997P3o/59TlpU 7zjFw6vV9/AWrgDq8=</late xit>
11<latex it sha1_base 64="cOxRjbV/ 9dMr0XxLFkBR Xr1sGHw=">AA AF8nicjVTLbt QwFHVLB0p5tb BkYxEhsRpNR kiFXQUsYFeqT lupHlWOc5Ox4 sSRfdNplc4fs IUNK8SWH0L8D E4mU/XhQi0lu rrnnPuSr6NSS YuDwe+l5Tsr vbv3Vu+vPXj4 6PGT9Y2ne1ZX RsBIaKXNQcQt KFnACCUqOCgN 8DxSsB9l7xt8 /xiMlbrYxdM SxjlPC5lIwdG 5dsLwaD0Y9Af todeNsDMC0p3 to42VPyzWosq hQKG4tYfhoMR xzQ1KoWC2xio LJRcZT+HQmQ XPwY7rttQZfe k8MU20cV+BtP VeVNQ8t/Y0jx wz5zixV7HG6c MOK0zejGtZlB VCIeaJkkpR1L Tpm8bSgEB16 gwujHS1UjHhh gt001nzpvHWd cmZGl5OpDi57 AUrC5y5mKnSE VdM6SJlMSQsA wzCmilI8IwGI TMynSAzvEgV UJ8gMnwhYGpO C0I61515M1xI wfbA4O3SePN0 ujbKDcW12YKh X9mni06H9HY1 ZLeJ17U1/H9I fnzj8P4lQ1M zhBOs0cx8+O4 C3/XjZVyzstk GrnywzDv5p9w rN9DhO+DFbVp 0BGd5GR8AO4a zvAwe2fOLuBi v9z5VZe0+bo ye+uBYT10xzb +jUN+drFmzTl FSZzM/Y5rZcw 7TOaScZjNmZZ pzv+BYNOV3ii D09jhvMdIqb vZWq5t47b600 2oI7jkMrz5+1 43RsP+2H35+H Wy9697FVfKcv CCvSEg2yRb5S LbJiAiSkC/kK /nWq3rfez96 P+fU5aVO84xc Or1ffwF9Lw7j </latexit><latex it sha1_base 64="cOxRjbV/ 9dMr0XxLFkBR Xr1sGHw=">AA AF8nicjVTLbt QwFHVLB0p5tb BkYxEhsRpNR kiFXQUsYFeqT lupHlWOc5Ox4 sSRfdNplc4fs IUNK8SWH0L8D E4mU/XhQi0lu rrnnPuSr6NSS YuDwe+l5Tsr vbv3Vu+vPXj4 6PGT9Y2ne1ZX RsBIaKXNQcQt KFnACCUqOCgN 8DxSsB9l7xt8 /xiMlbrYxdM SxjlPC5lIwdG 5dsLwaD0Y9Af todeNsDMC0p3 to42VPyzWosq hQKG4tYfhoMR xzQ1KoWC2xio LJRcZT+HQmQ XPwY7rttQZfe k8MU20cV+BtP VeVNQ8t/Y0jx wz5zixV7HG6c MOK0zejGtZlB VCIeaJkkpR1L Tpm8bSgEB16 gwujHS1UjHhh gt001nzpvHWd cmZGl5OpDi57 AUrC5y5mKnSE VdM6SJlMSQsA wzCmilI8IwGI TMynSAzvEgV UJ8gMnwhYGpO C0I61515M1xI wfbA4O3SePN0 ujbKDcW12YKh X9mni06H9HY1 ZLeJ17U1/H9I fnzj8P4lQ1M zhBOs0cx8+O4 C3/XjZVyzstk GrnywzDv5p9w rN9DhO+DFbVp 0BGd5GR8AO4a zvAwe2fOLuBi v9z5VZe0+bo ye+uBYT10xzb +jUN+drFmzTl FSZzM/Y5rZcw 7TOaScZjNmZZ pzv+BYNOV3ii D09jhvMdIqb vZWq5t47b600 2oI7jkMrz5+1 43RsP+2H35+H Wy9697FVfKcv CCvSEg2yRb5S LbJiAiSkC/kK /nWq3rfez96 P+fU5aVO84xc Or1ffwF9Lw7j </latexit><latex it sha1_base 64="cOxRjbV/ 9dMr0XxLFkBR Xr1sGHw=">AA AF8nicjVTLbt QwFHVLB0p5tb BkYxEhsRpNR kiFXQUsYFeqT lupHlWOc5Ox4 sSRfdNplc4fs IUNK8SWH0L8D E4mU/XhQi0lu rrnnPuSr6NSS YuDwe+l5Tsr vbv3Vu+vPXj4 6PGT9Y2ne1ZX RsBIaKXNQcQt KFnACCUqOCgN 8DxSsB9l7xt8 /xiMlbrYxdM SxjlPC5lIwdG 5dsLwaD0Y9Af todeNsDMC0p3 to42VPyzWosq hQKG4tYfhoMR xzQ1KoWC2xio LJRcZT+HQmQ XPwY7rttQZfe k8MU20cV+BtP VeVNQ8t/Y0jx wz5zixV7HG6c MOK0zejGtZlB VCIeaJkkpR1L Tpm8bSgEB16 gwujHS1UjHhh gt001nzpvHWd cmZGl5OpDi57 AUrC5y5mKnSE VdM6SJlMSQsA wzCmilI8IwGI TMynSAzvEgV UJ8gMnwhYGpO C0I61515M1xI wfbA4O3SePN0 ujbKDcW12YKh X9mni06H9HY1 ZLeJ17U1/H9I fnzj8P4lQ1M zhBOs0cx8+O4 C3/XjZVyzstk GrnywzDv5p9w rN9DhO+DFbVp 0BGd5GR8AO4a zvAwe2fOLuBi v9z5VZe0+bo ye+uBYT10xzb +jUN+drFmzTl FSZzM/Y5rZcw 7TOaScZjNmZZ pzv+BYNOV3ii D09jhvMdIqb vZWq5t47b600 2oI7jkMrz5+1 43RsP+2H35+H Wy9697FVfKcv CCvSEg2yRb5S LbJiAiSkC/kK /nWq3rfez96 P+fU5aVO84xc Or1ffwF9Lw7j </latexit><latex it sha1_base 64="cOxRjbV/ 9dMr0XxLFkBR Xr1sGHw=">AA AF8nicjVTLbt QwFHVLB0p5tb BkYxEhsRpNR kiFXQUsYFeqT lupHlWOc5Ox4 sSRfdNplc4fs IUNK8SWH0L8D E4mU/XhQi0lu rrnnPuSr6NSS YuDwe+l5Tsr vbv3Vu+vPXj4 6PGT9Y2ne1ZX RsBIaKXNQcQt KFnACCUqOCgN 8DxSsB9l7xt8 /xiMlbrYxdM SxjlPC5lIwdG 5dsLwaD0Y9Af todeNsDMC0p3 to42VPyzWosq hQKG4tYfhoMR xzQ1KoWC2xio LJRcZT+HQmQ XPwY7rttQZfe k8MU20cV+BtP VeVNQ8t/Y0jx wz5zixV7HG6c MOK0zejGtZlB VCIeaJkkpR1L Tpm8bSgEB16 gwujHS1UjHhh gt001nzpvHWd cmZGl5OpDi57 AUrC5y5mKnSE VdM6SJlMSQsA wzCmilI8IwGI TMynSAzvEgV UJ8gMnwhYGpO C0I61515M1xI wfbA4O3SePN0 ujbKDcW12YKh X9mni06H9HY1 ZLeJ17U1/H9I fnzj8P4lQ1M zhBOs0cx8+O4 C3/XjZVyzstk GrnywzDv5p9w rN9DhO+DFbVp 0BGd5GR8AO4a zvAwe2fOLuBi v9z5VZe0+bo ye+uBYT10xzb +jUN+drFmzTl FSZzM/Y5rZcw 7TOaScZjNmZZ pzv+BYNOV3ii D09jhvMdIqb vZWq5t47b600 2oI7jkMrz5+1 43RsP+2H35+H Wy9697FVfKcv CCvSEg2yRb5S LbJiAiSkC/kK /nWq3rfez96 P+fU5aVO84xc Or1ffwF9Lw7j </latexit>
22<latexit sha1_base64="KU OGqMou3uDNm4OGMjq5aez6Bmc=">AAAF8nicjVTLbtQwFHVL B0p5tbBkYxEhsRpNRkiFXQUsYFeqTlupHlWOc5Ox4sSRfdN plc4fsIUNK8SWH0L8DE4mU/XhQi0lurrnnPuSr6NSSYuDwe +l5Tsrvbv3Vu+vPXj46PGT9Y2ne1ZXRsBIaKXNQcQtKFnACC UqOCgN8DxSsB9l7xt8/xiMlbrYxdMSxjlPC5lIwdG5dobDo /Vg0B+0h143ws4ISHe2jzZW/rBYiyqHAoXi1h6GgxLHNTcoh YLZGqsslFxkPIVDZxY8Bzuu21Jn9KXzxDTRxn0F0tZ7UVHz 3NrTPHLMnOPEXsUapw87rDB5M65lUVYIhZgnSipFUdOmbxpL AwLVqTO4MNLVSsWEGy7QTWfNm8Zb1yVnang5keLkshesLHD mYqZKR1wxpYuUxZCwDDAIa6YgwTMahMzIdILM8CJVQH2CyP CFgKk5LQjpXHfmzXAhBdsDg7dL483T6dooNxTXZguGfmWfLj od0tvVkN0mXtfW8P8h+fGNw/uXDE3NEE6wRjPz4bsLfNePl 3HNymYbuPLBMu/kn3Kv3ECH74AXt2nREZzlZXwA7BjO8jJ4Z M8v4mK83vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38 jGlmzzlM55Byms2YlWnO/YJj0ZTfKYLQ2+O8xUiruNlbrW7 itfvSTqshuOcwvPr4XTdGw/7bfvj5dbD1rnsXV8lz8oK8IiH ZJFvkI9kmIyJIQr6Qr+Rbr+p97/3o/ZxTl5c6zTNy6fR+/Q WISg7l</latexit><latexit sha1_base64="KU OGqMou3uDNm4OGMjq5aez6Bmc=">AAAF8nicjVTLbtQwFHVL B0p5tbBkYxEhsRpNRkiFXQUsYFeqTlupHlWOc5Ox4sSRfdN plc4fsIUNK8SWH0L8DE4mU/XhQi0lurrnnPuSr6NSSYuDwe +l5Tsrvbv3Vu+vPXj46PGT9Y2ne1ZXRsBIaKXNQcQtKFnACC UqOCgN8DxSsB9l7xt8/xiMlbrYxdMSxjlPC5lIwdG5dobDo /Vg0B+0h143ws4ISHe2jzZW/rBYiyqHAoXi1h6GgxLHNTcoh YLZGqsslFxkPIVDZxY8Bzuu21Jn9KXzxDTRxn0F0tZ7UVHz 3NrTPHLMnOPEXsUapw87rDB5M65lUVYIhZgnSipFUdOmbxpL AwLVqTO4MNLVSsWEGy7QTWfNm8Zb1yVnang5keLkshesLHD mYqZKR1wxpYuUxZCwDDAIa6YgwTMahMzIdILM8CJVQH2CyP CFgKk5LQjpXHfmzXAhBdsDg7dL483T6dooNxTXZguGfmWfLj od0tvVkN0mXtfW8P8h+fGNw/uXDE3NEE6wRjPz4bsLfNePl 3HNymYbuPLBMu/kn3Kv3ECH74AXt2nREZzlZXwA7BjO8jJ4Z M8v4mK83vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38 jGlmzzlM55Byms2YlWnO/YJj0ZTfKYLQ2+O8xUiruNlbrW7 itfvSTqshuOcwvPr4XTdGw/7bfvj5dbD1rnsXV8lz8oK8IiH ZJFvkI9kmIyJIQr6Qr+Rbr+p97/3o/ZxTl5c6zTNy6fR+/Q WISg7l</latexit><latexit sha1_base64="KU OGqMou3uDNm4OGMjq5aez6Bmc=">AAAF8nicjVTLbtQwFHVL B0p5tbBkYxEhsRpNRkiFXQUsYFeqTlupHlWOc5Ox4sSRfdN plc4fsIUNK8SWH0L8DE4mU/XhQi0lurrnnPuSr6NSSYuDwe +l5Tsrvbv3Vu+vPXj46PGT9Y2ne1ZXRsBIaKXNQcQtKFnACC UqOCgN8DxSsB9l7xt8/xiMlbrYxdMSxjlPC5lIwdG5dobDo /Vg0B+0h143ws4ISHe2jzZW/rBYiyqHAoXi1h6GgxLHNTcoh YLZGqsslFxkPIVDZxY8Bzuu21Jn9KXzxDTRxn0F0tZ7UVHz 3NrTPHLMnOPEXsUapw87rDB5M65lUVYIhZgnSipFUdOmbxpL AwLVqTO4MNLVSsWEGy7QTWfNm8Zb1yVnang5keLkshesLHD mYqZKR1wxpYuUxZCwDDAIa6YgwTMahMzIdILM8CJVQH2CyP CFgKk5LQjpXHfmzXAhBdsDg7dL483T6dooNxTXZguGfmWfLj od0tvVkN0mXtfW8P8h+fGNw/uXDE3NEE6wRjPz4bsLfNePl 3HNymYbuPLBMu/kn3Kv3ECH74AXt2nREZzlZXwA7BjO8jJ4Z M8v4mK83vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38 jGlmzzlM55Byms2YlWnO/YJj0ZTfKYLQ2+O8xUiruNlbrW7 itfvSTqshuOcwvPr4XTdGw/7bfvj5dbD1rnsXV8lz8oK8IiH ZJFvkI9kmIyJIQr6Qr+Rbr+p97/3o/ZxTl5c6zTNy6fR+/Q WISg7l</latexit><latexit sha1_base64="KU OGqMou3uDNm4OGMjq5aez6Bmc=">AAAF8nicjVTLbtQwFHVL B0p5tbBkYxEhsRpNRkiFXQUsYFeqTlupHlWOc5Ox4sSRfdN plc4fsIUNK8SWH0L8DE4mU/XhQi0lurrnnPuSr6NSSYuDwe +l5Tsrvbv3Vu+vPXj46PGT9Y2ne1ZXRsBIaKXNQcQtKFnACC UqOCgN8DxSsB9l7xt8/xiMlbrYxdMSxjlPC5lIwdG5dobDo /Vg0B+0h143ws4ISHe2jzZW/rBYiyqHAoXi1h6GgxLHNTcoh YLZGqsslFxkPIVDZxY8Bzuu21Jn9KXzxDTRxn0F0tZ7UVHz 3NrTPHLMnOPEXsUapw87rDB5M65lUVYIhZgnSipFUdOmbxpL AwLVqTO4MNLVSsWEGy7QTWfNm8Zb1yVnang5keLkshesLHD mYqZKR1wxpYuUxZCwDDAIa6YgwTMahMzIdILM8CJVQH2CyP CFgKk5LQjpXHfmzXAhBdsDg7dL483T6dooNxTXZguGfmWfLj od0tvVkN0mXtfW8P8h+fGNw/uXDE3NEE6wRjPz4bsLfNePl 3HNymYbuPLBMu/kn3Kv3ECH74AXt2nREZzlZXwA7BjO8jJ4Z M8v4mK83vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38 jGlmzzlM55Byms2YlWnO/YJj0ZTfKYLQ2+O8xUiruNlbrW7 itfvSTqshuOcwvPr4XTdGw/7bfvj5dbD1rnsXV8lz8oK8IiH ZJFvkI9kmIyJIQr6Qr+Rbr+p97/3o/ZxTl5c6zTNy6fR+/Q WISg7l</latexit>
z¯ 1i
<latexit sha1_base64="c/AbOWLO uhUdiFIorD1+dd8LaIw=">AAAF/nicjVTLbtQwFHVLB0p5tbBkYxEhsWE0G VUCdhWwgF1BnbZSPa0c5yZjxYkj25m2uFnwF2xhwwqx5VcQP4OTyVR9uFBL ia7uOee+5OuoFFybweD3wuKNpd7NW8u3V+7cvXf/weraw20tK8VgxKSQajei GgQvYGS4EbBbKqB5JGAnyt40+M4UlOay2DLHJYxzmhY84Ywa59onEVX2U33 A9+3zsD5YDQb9QXvwZSPsjAB1Z/NgbekPiSWrcigME1TrvXBQmrGlynAmoF 4hlYaSsoymsOfMguagx7Ytu8ZPnSfGiVTuKwxuvWcVluZaH+eRY+bUTPRFr HH6sL3KJC/HlhdlZaBgs0RJJbCRuJkBjrkCZsSxMyhT3NWK2YQqyoyb1Io3 jbeuc85U0XLC2dF5L2hemNrFTIWMqCBCFimJISEZmCC0REBiTnAQEsXTiSGK FqkA7BNEis4FRMxoQYhnuhNvhjMpyDYoc7003jydro1yRXFttmDoV/bxvNM hvl4N2XXidW0N/x+STq8c3r9kRlli4MhYo2ofvjXHt/x4GVtSNttAhQ/meS d/n3vlCjr8I3hxnRYdwVlexlswHcNZXgaN9OlFnI/Xe5+q0rqPKiUPfXAsD 10xzb+jYN+dtKRZpyixWe1nHGb6lENkDinFWU00T3PqF0xZU36nCEJvj7MW IyniZm+luIrX7ks7rYbgnsPw4uN32RgN+6/64Yf1YON19y4uo8foCXqGQvQC baB3aBONEEMKfUFf0bfe59733o/ezxl1caHTPELnTu/XX/GdFHg=</latex it><latexit sha1_base64="c/AbOWLO uhUdiFIorD1+dd8LaIw=">AAAF/nicjVTLbtQwFHVLB0p5tbBkYxEhsWE0G VUCdhWwgF1BnbZSPa0c5yZjxYkj25m2uFnwF2xhwwqx5VcQP4OTyVR9uFBL ia7uOee+5OuoFFybweD3wuKNpd7NW8u3V+7cvXf/weraw20tK8VgxKSQajei GgQvYGS4EbBbKqB5JGAnyt40+M4UlOay2DLHJYxzmhY84Ywa59onEVX2U33 A9+3zsD5YDQb9QXvwZSPsjAB1Z/NgbekPiSWrcigME1TrvXBQmrGlynAmoF 4hlYaSsoymsOfMguagx7Ytu8ZPnSfGiVTuKwxuvWcVluZaH+eRY+bUTPRFr HH6sL3KJC/HlhdlZaBgs0RJJbCRuJkBjrkCZsSxMyhT3NWK2YQqyoyb1Io3 jbeuc85U0XLC2dF5L2hemNrFTIWMqCBCFimJISEZmCC0REBiTnAQEsXTiSGK FqkA7BNEis4FRMxoQYhnuhNvhjMpyDYoc7003jydro1yRXFttmDoV/bxvNM hvl4N2XXidW0N/x+STq8c3r9kRlli4MhYo2ofvjXHt/x4GVtSNttAhQ/meS d/n3vlCjr8I3hxnRYdwVlexlswHcNZXgaN9OlFnI/Xe5+q0rqPKiUPfXAsD 10xzb+jYN+dtKRZpyixWe1nHGb6lENkDinFWU00T3PqF0xZU36nCEJvj7MW IyniZm+luIrX7ks7rYbgnsPw4uN32RgN+6/64Yf1YON19y4uo8foCXqGQvQC baB3aBONEEMKfUFf0bfe59733o/ezxl1caHTPELnTu/XX/GdFHg=</latex it><latexit sha1_base64="c/AbOWLO uhUdiFIorD1+dd8LaIw=">AAAF/nicjVTLbtQwFHVLB0p5tbBkYxEhsWE0G VUCdhWwgF1BnbZSPa0c5yZjxYkj25m2uFnwF2xhwwqx5VcQP4OTyVR9uFBL ia7uOee+5OuoFFybweD3wuKNpd7NW8u3V+7cvXf/weraw20tK8VgxKSQajei GgQvYGS4EbBbKqB5JGAnyt40+M4UlOay2DLHJYxzmhY84Ywa59onEVX2U33 A9+3zsD5YDQb9QXvwZSPsjAB1Z/NgbekPiSWrcigME1TrvXBQmrGlynAmoF 4hlYaSsoymsOfMguagx7Ytu8ZPnSfGiVTuKwxuvWcVluZaH+eRY+bUTPRFr HH6sL3KJC/HlhdlZaBgs0RJJbCRuJkBjrkCZsSxMyhT3NWK2YQqyoyb1Io3 jbeuc85U0XLC2dF5L2hemNrFTIWMqCBCFimJISEZmCC0REBiTnAQEsXTiSGK FqkA7BNEis4FRMxoQYhnuhNvhjMpyDYoc7003jydro1yRXFttmDoV/bxvNM hvl4N2XXidW0N/x+STq8c3r9kRlli4MhYo2ofvjXHt/x4GVtSNttAhQ/meS d/n3vlCjr8I3hxnRYdwVlexlswHcNZXgaN9OlFnI/Xe5+q0rqPKiUPfXAsD 10xzb+jYN+dtKRZpyixWe1nHGb6lENkDinFWU00T3PqF0xZU36nCEJvj7MW IyniZm+luIrX7ks7rYbgnsPw4uN32RgN+6/64Yf1YON19y4uo8foCXqGQvQC baB3aBONEEMKfUFf0bfe59733o/ezxl1caHTPELnTu/XX/GdFHg=</latex it><latexit sha1_base64="c/AbOWLO uhUdiFIorD1+dd8LaIw=">AAAF/nicjVTLbtQwFHVLB0p5tbBkYxEhsWE0G VUCdhWwgF1BnbZSPa0c5yZjxYkj25m2uFnwF2xhwwqx5VcQP4OTyVR9uFBL ia7uOee+5OuoFFybweD3wuKNpd7NW8u3V+7cvXf/weraw20tK8VgxKSQajei GgQvYGS4EbBbKqB5JGAnyt40+M4UlOay2DLHJYxzmhY84Ywa59onEVX2U33 A9+3zsD5YDQb9QXvwZSPsjAB1Z/NgbekPiSWrcigME1TrvXBQmrGlynAmoF 4hlYaSsoymsOfMguagx7Ytu8ZPnSfGiVTuKwxuvWcVluZaH+eRY+bUTPRFr HH6sL3KJC/HlhdlZaBgs0RJJbCRuJkBjrkCZsSxMyhT3NWK2YQqyoyb1Io3 jbeuc85U0XLC2dF5L2hemNrFTIWMqCBCFimJISEZmCC0REBiTnAQEsXTiSGK FqkA7BNEis4FRMxoQYhnuhNvhjMpyDYoc7003jydro1yRXFttmDoV/bxvNM hvl4N2XXidW0N/x+STq8c3r9kRlli4MhYo2ofvjXHt/x4GVtSNttAhQ/meS d/n3vlCjr8I3hxnRYdwVlexlswHcNZXgaN9OlFnI/Xe5+q0rqPKiUPfXAsD 10xzb+jYN+dtKRZpyixWe1nHGb6lENkDinFWU00T3PqF0xZU36nCEJvj7MW IyniZm+luIrX7ks7rYbgnsPw4uN32RgN+6/64Yf1YON19y4uo8foCXqGQvQC baB3aBONEEMKfUFf0bfe59733o/ezxl1caHTPELnTu/XX/GdFHg=</latex it>
D






Figure 2. Upper panel: contours of integration taken to ob-
tain the quantization condition in region I and II of the spec-
trum. Lower panel: Comparison between the numerics (red
dots for s = 17 and blue dots for s = 50) and the leading
order analytic prediction (crossings between the horizontal
red or blue lines with the black curve) computed for h = 1,
Γ = 1.2, p = 0.9, Γ0 = 0.2, and q = 5.
be parametrized as λk(x). The roots rk are depicted in
orange on the right panel of the same figure.
At leading order, the quantization condition, given by∫
γ
dz¯ G0 (z¯) =
2pii
2s−qn, fixes the value of λ as a function of
the number of roots inside γ. For the particular example
given here we choose γ as in Fig. 2(upper panel). In this
way the n-th eigen mode has exactly n roots inside the
cut. A comparison between the values of λ obtained im-
posing this leading order quantization condition and the
numerically exact results obtained by exact diagonaliza-
tion of the Liouvillian is given in Fig. 2(lower panel).
The density of eigen-modes as a function of λ defined





dz¯ G0 (z¯), normalized such that∫maxkλk(x)
minkλk(x)























(r1 − r3) (r4 − r2)
(13)







dt, and where K˜ (z) = K(z) −
2iK(1 − z) is obtained from K(z) by analytic continu-
ation, changing its branch cut from (1,∞) to (−∞, 1).
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r2
<latexit sha1_base64="2qjB/Psf3NrIyhz2k+/5IBRH0Ck=">AAAF9Hi cjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiwrIAF7ArMtJXqUeU4NxkrThzZN9NW6XwCW9iwQ2z5H8TP4GQyVR8u1FKiq3vOuS/5OiqVtDgY/F5ZvbXWu31n/ e7GvfsPHj7a3Hq8a3VlBIyFVtrsR9yCkgWMUaKC/dIAzyMFe1H2tsH3ZmCs1MUIT0qY5DwtZCIFR+f6bA6Hh5vBoD9oD71qhJ0RkO7sHG6t/WGxFlUOBQr FrT0IByVOam5QCgXzDVZZKLnIeAoHzix4DnZSt7XO6XPniWmijfsKpK33vKLmubUneeSYOcepvYw1Th92UGHyelLLoqwQCrFIlFSKoqZN4zSWBgSqE2dwY aSrlYopN1ygG8+GN423rgvO1PByKsXxRS9YWeDcxUyVjrhiShcpiyFhGWAQ1kxBgqc0CJmR6RSZ4UWqgPoEkeFLAVMLWhDShe7Um+FcCrYLBm+Wxpun07V RrimuzRYM/co+XXY6pDerIbtJvK6t4f9D8tm1w/uXDE3NEI6xRjP34aMlPvLjZVyzstkGrnywzDv5h9wrN9Dhn8CL27ToCM7yMt4BdgxneRk8smcXcTle7 32qytp93Bh95INjfeSKaf4dhfruZM2adYqSOpv7GUeZPeMwnUPKaTZnVqY59wtmoim/UwSht8dFi5FWcbO3Wl3Ha/elnVZDcM9hePnxu2rsDvvhoB9+fBl sv+kexnXylDwjL0hIXpFt8p7skDERJCVfyFfyrTfrfe/96P1cUFdXOs0TcuH0fv0FORkPug==</latexit><latexit sha1_base64="2qjB/Psf3NrIyhz2k+/5IBRH0Ck=">AAAF9Hi cjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiwrIAF7ArMtJXqUeU4NxkrThzZN9NW6XwCW9iwQ2z5H8TP4GQyVR8u1FKiq3vOuS/5OiqVtDgY/F5ZvbXWu31n/ e7GvfsPHj7a3Hq8a3VlBIyFVtrsR9yCkgWMUaKC/dIAzyMFe1H2tsH3ZmCs1MUIT0qY5DwtZCIFR+f6bA6Hh5vBoD9oD71qhJ0RkO7sHG6t/WGxFlUOBQr FrT0IByVOam5QCgXzDVZZKLnIeAoHzix4DnZSt7XO6XPniWmijfsKpK33vKLmubUneeSYOcepvYw1Th92UGHyelLLoqwQCrFIlFSKoqZN4zSWBgSqE2dwY aSrlYopN1ygG8+GN423rgvO1PByKsXxRS9YWeDcxUyVjrhiShcpiyFhGWAQ1kxBgqc0CJmR6RSZ4UWqgPoEkeFLAVMLWhDShe7Um+FcCrYLBm+Wxpun07V RrimuzRYM/co+XXY6pDerIbtJvK6t4f9D8tm1w/uXDE3NEI6xRjP34aMlPvLjZVyzstkGrnywzDv5h9wrN9Dhn8CL27ToCM7yMt4BdgxneRk8smcXcTle7 32qytp93Bh95INjfeSKaf4dhfruZM2adYqSOpv7GUeZPeMwnUPKaTZnVqY59wtmoim/UwSht8dFi5FWcbO3Wl3Ha/elnVZDcM9hePnxu2rsDvvhoB9+fBl sv+kexnXylDwjL0hIXpFt8p7skDERJCVfyFfyrTfrfe/96P1cUFdXOs0TcuH0fv0FORkPug==</latexit><latexit sha1_base64="2qjB/Psf3NrIyhz2k+/5IBRH0Ck=">AAAF9Hi cjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiwrIAF7ArMtJXqUeU4NxkrThzZN9NW6XwCW9iwQ2z5H8TP4GQyVR8u1FKiq3vOuS/5OiqVtDgY/F5ZvbXWu31n/ e7GvfsPHj7a3Hq8a3VlBIyFVtrsR9yCkgWMUaKC/dIAzyMFe1H2tsH3ZmCs1MUIT0qY5DwtZCIFR+f6bA6Hh5vBoD9oD71qhJ0RkO7sHG6t/WGxFlUOBQr FrT0IByVOam5QCgXzDVZZKLnIeAoHzix4DnZSt7XO6XPniWmijfsKpK33vKLmubUneeSYOcepvYw1Th92UGHyelLLoqwQCrFIlFSKoqZN4zSWBgSqE2dwY aSrlYopN1ygG8+GN423rgvO1PByKsXxRS9YWeDcxUyVjrhiShcpiyFhGWAQ1kxBgqc0CJmR6RSZ4UWqgPoEkeFLAVMLWhDShe7Um+FcCrYLBm+Wxpun07V RrimuzRYM/co+XXY6pDerIbtJvK6t4f9D8tm1w/uXDE3NEI6xRjP34aMlPvLjZVyzstkGrnywzDv5h9wrN9Dhn8CL27ToCM7yMt4BdgxneRk8smcXcTle7 32qytp93Bh95INjfeSKaf4dhfruZM2adYqSOpv7GUeZPeMwnUPKaTZnVqY59wtmoim/UwSht8dFi5FWcbO3Wl3Ha/elnVZDcM9hePnxu2rsDvvhoB9+fBl sv+kexnXylDwjL0hIXpFt8p7skDERJCVfyFfyrTfrfe/96P1cUFdXOs0TcuH0fv0FORkPug==</latexit><latexit sha1_base64="2qjB/Psf3NrIyhz2k+/5IBRH0Ck=">AAAF9Hi cjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiwrIAF7ArMtJXqUeU4NxkrThzZN9NW6XwCW9iwQ2z5H8TP4GQyVR8u1FKiq3vOuS/5OiqVtDgY/F5ZvbXWu31n/ e7GvfsPHj7a3Hq8a3VlBIyFVtrsR9yCkgWMUaKC/dIAzyMFe1H2tsH3ZmCs1MUIT0qY5DwtZCIFR+f6bA6Hh5vBoD9oD71qhJ0RkO7sHG6t/WGxFlUOBQr FrT0IByVOam5QCgXzDVZZKLnIeAoHzix4DnZSt7XO6XPniWmijfsKpK33vKLmubUneeSYOcepvYw1Th92UGHyelLLoqwQCrFIlFSKoqZN4zSWBgSqE2dwY aSrlYopN1ygG8+GN423rgvO1PByKsXxRS9YWeDcxUyVjrhiShcpiyFhGWAQ1kxBgqc0CJmR6RSZ4UWqgPoEkeFLAVMLWhDShe7Um+FcCrYLBm+Wxpun07V RrimuzRYM/co+XXY6pDerIbtJvK6t4f9D8tm1w/uXDE3NEI6xRjP34aMlPvLjZVyzstkGrnywzDv5h9wrN9Dhn8CL27ToCM7yMt4BdgxneRk8smcXcTle7 32qytp93Bh95INjfeSKaf4dhfruZM2adYqSOpv7GUeZPeMwnUPKaTZnVqY59wtmoim/UwSht8dFi5FWcbO3Wl3Ha/elnVZDcM9hePnxu2rsDvvhoB9+fBl sv+kexnXylDwjL0hIXpFt8p7skDERJCVfyFfyrTfrfe/96P1cUFdXOs0TcuH0fv0FORkPug==</latexit>
r3
<latexit sha1_base64="Cjp9/Tt/owoV3kYeKk6SyhEg2c0=">AAAF9Hi cjVTLbtQwFHVLB0p5tbBkYxEhsRpNhkqwrIAF7Ar0JdWjynFuMlacOLJvZlql8wlsYcMOseV/ED+Dk8lUfbhQS4mu7jnnvuTrqFTS4mDwe2n51krv9p3Vu 2v37j94+Gh94/Ge1ZURsCu00uYg4haULGAXJSo4KA3wPFKwH2VvG3x/AsZKXezgSQmjnKeFTKTg6FyfzdHLo/Vg0B+0h141ws4ISHe2jzZW/rBYiyqHAoX i1h6GgxJHNTcohYLZGqsslFxkPIVDZxY8Bzuq21pn9LnzxDTRxn0F0tZ7XlHz3NqTPHLMnOPYXsYapw87rDB5PaplUVYIhZgnSipFUdOmcRpLAwLViTO4M NLVSsWYGy7QjWfNm8Zb1wVnang5luL4ohesLHDmYqZKR1wxpYuUxZCwDDAIa6YgwVMahMzIdIzM8CJVQH2CyPCFgKk5LQjpXHfqzXAuBdsDgzdL483T6do o1xTXZguGfmWfLjod0pvVkN0kXtfW8P8h+eTa4f1LhqZmCMdYo5n58J0FvuPHy7hmZbMNXPlgmXfyD7lXbqDDP4EXt2nREZzlZbwD7BjO8jJ4ZM8u4mK83 vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38jGlmzzhM55Byms2YlWnO/YKJaMrvFEHo7XHeYqRV3OytVtfx2n1pp9UQ3HMYXn78rhp7w3446IcfN4O tN93DuEqekmfkBQnJK7JF3pNtsksESckX8pV8601633s/ej/n1OWlTvOEXDi9X38BPqcPuw==</latexit><latexit sha1_base64="Cjp9/Tt/owoV3kYeKk6SyhEg2c0=">AAAF9Hi cjVTLbtQwFHVLB0p5tbBkYxEhsRpNhkqwrIAF7Ar0JdWjynFuMlacOLJvZlql8wlsYcMOseV/ED+Dk8lUfbhQS4mu7jnnvuTrqFTS4mDwe2n51krv9p3Vu 2v37j94+Gh94/Ge1ZURsCu00uYg4haULGAXJSo4KA3wPFKwH2VvG3x/AsZKXezgSQmjnKeFTKTg6FyfzdHLo/Vg0B+0h141ws4ISHe2jzZW/rBYiyqHAoX i1h6GgxJHNTcohYLZGqsslFxkPIVDZxY8Bzuq21pn9LnzxDTRxn0F0tZ7XlHz3NqTPHLMnOPYXsYapw87rDB5PaplUVYIhZgnSipFUdOmcRpLAwLViTO4M NLVSsWYGy7QjWfNm8Zb1wVnang5luL4ohesLHDmYqZKR1wxpYuUxZCwDDAIa6YgwVMahMzIdIzM8CJVQH2CyPCFgKk5LQjpXHfqzXAuBdsDgzdL483T6do o1xTXZguGfmWfLjod0pvVkN0kXtfW8P8h+eTa4f1LhqZmCMdYo5n58J0FvuPHy7hmZbMNXPlgmXfyD7lXbqDDP4EXt2nREZzlZbwD7BjO8jJ4ZM8u4mK83 vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38jGlmzzhM55Byms2YlWnO/YKJaMrvFEHo7XHeYqRV3OytVtfx2n1pp9UQ3HMYXn78rhp7w3446IcfN4O tN93DuEqekmfkBQnJK7JF3pNtsksESckX8pV8601633s/ej/n1OWlTvOEXDi9X38BPqcPuw==</latexit><latexit sha1_base64="Cjp9/Tt/owoV3kYeKk6SyhEg2c0=">AAAF9Hi cjVTLbtQwFHVLB0p5tbBkYxEhsRpNhkqwrIAF7Ar0JdWjynFuMlacOLJvZlql8wlsYcMOseV/ED+Dk8lUfbhQS4mu7jnnvuTrqFTS4mDwe2n51krv9p3Vu 2v37j94+Gh94/Ge1ZURsCu00uYg4haULGAXJSo4KA3wPFKwH2VvG3x/AsZKXezgSQmjnKeFTKTg6FyfzdHLo/Vg0B+0h141ws4ISHe2jzZW/rBYiyqHAoX i1h6GgxJHNTcohYLZGqsslFxkPIVDZxY8Bzuq21pn9LnzxDTRxn0F0tZ7XlHz3NqTPHLMnOPYXsYapw87rDB5PaplUVYIhZgnSipFUdOmcRpLAwLViTO4M NLVSsWYGy7QjWfNm8Zb1wVnang5luL4ohesLHDmYqZKR1wxpYuUxZCwDDAIa6YgwVMahMzIdIzM8CJVQH2CyPCFgKk5LQjpXHfqzXAuBdsDgzdL483T6do o1xTXZguGfmWfLjod0pvVkN0kXtfW8P8h+eTa4f1LhqZmCMdYo5n58J0FvuPHy7hmZbMNXPlgmXfyD7lXbqDDP4EXt2nREZzlZbwD7BjO8jJ4ZM8u4mK83 vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38jGlmzzhM55Byms2YlWnO/YKJaMrvFEHo7XHeYqRV3OytVtfx2n1pp9UQ3HMYXn78rhp7w3446IcfN4O tN93DuEqekmfkBQnJK7JF3pNtsksESckX8pV8601633s/ej/n1OWlTvOEXDi9X38BPqcPuw==</latexit><latexit sha1_base64="Cjp9/Tt/owoV3kYeKk6SyhEg2c0=">AAAF9Hi cjVTLbtQwFHVLB0p5tbBkYxEhsRpNhkqwrIAF7Ar0JdWjynFuMlacOLJvZlql8wlsYcMOseV/ED+Dk8lUfbhQS4mu7jnnvuTrqFTS4mDwe2n51krv9p3Vu 2v37j94+Gh94/Ge1ZURsCu00uYg4haULGAXJSo4KA3wPFKwH2VvG3x/AsZKXezgSQmjnKeFTKTg6FyfzdHLo/Vg0B+0h141ws4ISHe2jzZW/rBYiyqHAoX i1h6GgxJHNTcohYLZGqsslFxkPIVDZxY8Bzuq21pn9LnzxDTRxn0F0tZ7XlHz3NqTPHLMnOPYXsYapw87rDB5PaplUVYIhZgnSipFUdOmcRpLAwLViTO4M NLVSsWYGy7QjWfNm8Zb1wVnang5luL4ohesLHDmYqZKR1wxpYuUxZCwDDAIa6YgwVMahMzIdIzM8CJVQH2CyPCFgKk5LQjpXHfqzXAuBdsDgzdL483T6do o1xTXZguGfmWfLjod0pvVkN0kXtfW8P8h+eTa4f1LhqZmCMdYo5n58J0FvuPHy7hmZbMNXPlgmXfyD7lXbqDDP4EXt2nREZzlZbwD7BjO8jJ4ZM8u4mK83 vtUlbX7uDF66oNjPXXFNP+OQn13smbNOkVJnc38jGlmzzhM55Byms2YlWnO/YKJaMrvFEHo7XHeYqRV3OytVtfx2n1pp9UQ3HMYXn78rhp7w3446IcfN4O tN93DuEqekmfkBQnJK7JF3pNtsksESckX8pV8601633s/ej/n1OWlTvOEXDi9X38BPqcPuw==</latexit>
Re (⇤/s)
Im (⇤/s)
1<latexit sha1_base64="OuOekPUzZTw6huwKlgwI0sROQmg=">AAAF 8XicjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiFXQUsYNeiTlupHlWOc5Ox4sSRfdNplc4XsIUNK8SWL0L8DE4mU/XhQi0lurrnnPuSr6NSSYuDwe +l5Tsrvbv3Vu+vPXj46PGT9Y2ne1ZXRsBIaKXNQcQtKFnACCUqOCgN8DxSsB9l7xt8/xiMlbrYxdMSxjlPC5lIwdG5dsKj9WDQH7SHXjfCzghI d7aPNlb+sFiLKocCheLWHoaDEsc1NyiFgtkaqyyUXGQ8hUNnFjwHO67bSmf0pfPENNHGfQXS1ntRUfPc2tM8csyc48RexRqnDzusMHkzrmVRVg iFmCdKKkVR06ZtGksDAtWpM7gw0tVKxYQbLtANZ82bxlvXJWdqeDmR4uSyF6wscOZipkpHXDGli5TFkLAMMAhrpiDBMxqEzMh0gszwIlVAfYLI 8IWAqTktCOlcd+bNcCEF2wODt0vjzdPp2ig3FNdmC4Z+ZZ8uOh3S29WQ3SZe19bw/yH58Y3D+5cMTc0QTrBGM/Phuwt814+Xcc3KZhu48sEy7+ Sfcq/cQId/Bi9u06IjOMvL+ADYMZzlZfDInl/ExXi996kqa/dxY/TUB8d66opp/h2F+u5kzZp1ipI6m/kZ08yec5jOIeU0mzEr05z7BceiKb9T BKG3x3mLkVZxs7da3cRr96WdVkNwz2F49fG7boyG/bf9cOd1sPWuexdXyXPygrwiIdkkW+Qj2SYjIgiQL+Qr+dbD3vfej97POXV5qdM8I5dO79d fRAUOqA==</latexit><latexit sha1_base64="OuOekPUzZTw6huwKlgwI0sROQmg=">AAAF 8XicjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiFXQUsYNeiTlupHlWOc5Ox4sSRfdNplc4XsIUNK8SWL0L8DE4mU/XhQi0lurrnnPuSr6NSSYuDwe +l5Tsrvbv3Vu+vPXj46PGT9Y2ne1ZXRsBIaKXNQcQtKFnACCUqOCgN8DxSsB9l7xt8/xiMlbrYxdMSxjlPC5lIwdG5dsKj9WDQH7SHXjfCzghI d7aPNlb+sFiLKocCheLWHoaDEsc1NyiFgtkaqyyUXGQ8hUNnFjwHO67bSmf0pfPENNHGfQXS1ntRUfPc2tM8csyc48RexRqnDzusMHkzrmVRVg iFmCdKKkVR06ZtGksDAtWpM7gw0tVKxYQbLtANZ82bxlvXJWdqeDmR4uSyF6wscOZipkpHXDGli5TFkLAMMAhrpiDBMxqEzMh0gszwIlVAfYLI 8IWAqTktCOlcd+bNcCEF2wODt0vjzdPp2ig3FNdmC4Z+ZZ8uOh3S29WQ3SZe19bw/yH58Y3D+5cMTc0QTrBGM/Phuwt814+Xcc3KZhu48sEy7+ Sfcq/cQId/Bi9u06IjOMvL+ADYMZzlZfDInl/ExXi996kqa/dxY/TUB8d66opp/h2F+u5kzZp1ipI6m/kZ08yec5jOIeU0mzEr05z7BceiKb9T BKG3x3mLkVZxs7da3cRr96WdVkNwz2F49fG7boyG/bf9cOd1sPWuexdXyXPygrwiIdkkW+Qj2SYjIgiQL+Qr+dbD3vfej97POXV5qdM8I5dO79d fRAUOqA==</latexit><latexit sha1_base64="OuOekPUzZTw6huwKlgwI0sROQmg=">AAAF 8XicjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiFXQUsYNeiTlupHlWOc5Ox4sSRfdNplc4XsIUNK8SWL0L8DE4mU/XhQi0lurrnnPuSr6NSSYuDwe +l5Tsrvbv3Vu+vPXj46PGT9Y2ne1ZXRsBIaKXNQcQtKFnACCUqOCgN8DxSsB9l7xt8/xiMlbrYxdMSxjlPC5lIwdG5dsKj9WDQH7SHXjfCzghI d7aPNlb+sFiLKocCheLWHoaDEsc1NyiFgtkaqyyUXGQ8hUNnFjwHO67bSmf0pfPENNHGfQXS1ntRUfPc2tM8csyc48RexRqnDzusMHkzrmVRVg iFmCdKKkVR06ZtGksDAtWpM7gw0tVKxYQbLtANZ82bxlvXJWdqeDmR4uSyF6wscOZipkpHXDGli5TFkLAMMAhrpiDBMxqEzMh0gszwIlVAfYLI 8IWAqTktCOlcd+bNcCEF2wODt0vjzdPp2ig3FNdmC4Z+ZZ8uOh3S29WQ3SZe19bw/yH58Y3D+5cMTc0QTrBGM/Phuwt814+Xcc3KZhu48sEy7+ Sfcq/cQId/Bi9u06IjOMvL+ADYMZzlZfDInl/ExXi996kqa/dxY/TUB8d66opp/h2F+u5kzZp1ipI6m/kZ08yec5jOIeU0mzEr05z7BceiKb9T BKG3x3mLkVZxs7da3cRr96WdVkNwz2F49fG7boyG/bf9cOd1sPWuexdXyXPygrwiIdkkW+Qj2SYjIgiQL+Qr+dbD3vfej97POXV5qdM8I5dO79d fRAUOqA==</latexit><latexit sha1_base64="OuOekPUzZTw6huwKlgwI0sROQmg=">AAAF 8XicjVTLbtQwFHVLB0p5tbBkYxEhsRpNRkiFXQUsYNeiTlupHlWOc5Ox4sSRfdNplc4XsIUNK8SWL0L8DE4mU/XhQi0lurrnnPuSr6NSSYuDwe +l5Tsrvbv3Vu+vPXj46PGT9Y2ne1ZXRsBIaKXNQcQtKFnACCUqOCgN8DxSsB9l7xt8/xiMlbrYxdMSxjlPC5lIwdG5dsKj9WDQH7SHXjfCzghI d7aPNlb+sFiLKocCheLWHoaDEsc1NyiFgtkaqyyUXGQ8hUNnFjwHO67bSmf0pfPENNHGfQXS1ntRUfPc2tM8csyc48RexRqnDzusMHkzrmVRVg iFmCdKKkVR06ZtGksDAtWpM7gw0tVKxYQbLtANZ82bxlvXJWdqeDmR4uSyF6wscOZipkpHXDGli5TFkLAMMAhrpiDBMxqEzMh0gszwIlVAfYLI 8IWAqTktCOlcd+bNcCEF2wODt0vjzdPp2ig3FNdmC4Z+ZZ8uOh3S29WQ3SZe19bw/yH58Y3D+5cMTc0QTrBGM/Phuwt814+Xcc3KZhu48sEy7+ Sfcq/cQId/Bi9u06IjOMvL+ADYMZzlZfDInl/ExXi996kqa/dxY/TUB8d66opp/h2F+u5kzZp1ipI6m/kZ08yec5jOIeU0mzEr05z7BceiKb9T BKG3x3mLkVZxs7da3cRr96WdVkNwz2F49fG7boyG/bf9cOd1sPWuexdXyXPygrwiIdkkW+Qj2SYjIgiQL+Qr+dbD3vfej97POXV5qdM8I5dO79d fRAUOqA==</latexit>
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Figure 3. Density of eigenvalues of the Liouvillian in the
thermodynamic limit, D, plotted for h = 1, Γ = 1.2, p = 0.9,
Γ0 = 0.2 and s = 17. Inset: cut of the 3d plot for Λ/s = −0.3
(upper) and Λ/s = −1.5 (lower).
the complex Λ/s plane is depicted in Fig 3. The loga-
rithmic divergence of D along the line separating regions
I and II signals an accumulation of eigenvalues at these
points. The inset, in the upper-left part of Fig. 3, shows
two cuts at fixed ImΛ/s: in the upper case D has support
in I and II and a divergence seen when the separating line
is crossed; in the lower, D has support only in II. Note
that for the point p = 0, the region I vanishes. In this
special case (see below) there is a square-root divergence
of D for Λ/s→ 0 instead of the logarithmic accumulation
observed for finite p.
Let us now turn to the steady-state properties. The
steady-state density matrix ρ0 corresponds to the zero
eigenvalue of the Liouvillian (Λ0 = 0) and belongs to
the sector q = 0. Within this sector cq=0,κ = 1, there-
fore, for a density matrix ρ =
∑2s
κ=0 wκ |κ− s〉 〈κ− s|
in this sector, the corresponding polynomial is simply
given by Ψ(0)ρ (z¯) =
∑2s
κ=0 wκz
κ. This implies that
Ψ
(0)
ρ (z¯ = 1) = tr [ρ]. The steady-state polynomial repre-
sentation can be obtained by solving the differential equa-
tion L(0) (z¯, ∂z¯) Ψ
(0)
ρ0 (z¯) = 0, imposing that the solution
is a polynomial in z¯ normalized such that Ψ(0)ρ (1) = 1 .






z¯zp − 1 (14)
with zp = 1−p1+p . It worth noting that this solution is
equivalent to taking wκ ∝ zκp . With the explicit expres-
sion of the steady-state we can now compute its proper-
ties. Fig. 4 (left panel) shows the mean value of



































Figure 4. Steady-state magnetization along the z direction
(left) and entropy (right) of the non-equilibrium steady-state
as a function of p for h = 1, Γ = 1.2, p = 0.9, Γ0 = 0.2 and
several values of s. Dots are numerical data obtained by exact
diagonalization and lines are analytic results.
as a function of p together with numerical data obtained
by exact diagonalization of the Liouvilian. At the ther-
modynamic limit there is a discontinuous transition in
the spin polarization at p = 0. This can also be seen in
the steady-state entropy, defined as SE = −tr [ρ0 ln ρ0],
















As show in Fig. 4 (cental panel) this quantity has a max-
imum for p = 0 where the steady-state is proportional to
the unit matrix, for which case SE = ln (2s+ 1) is maxi-
mal. Away from p = 0, the thermodynamic limit value of
SE is finite and vanishes for p = ±1 were the steady-state
is pure and corresponds to that of a fully polarized spin.
Another important quantity is the spectral gap given
by the first non-zero eigenvalue ∆ = −Re (minn6=0 Λn).
∆ dominates the asymptotic long time decay of the dy-
namics to the steady-state. For p 6= 0 this quantity at-
tains a finite value in the thermodynamic limit, given
by lims→∞∆ = |p|Γ/2 which can be computed by the
method of Ref. [30]. For p = 0, ∆ vanishes in the
thermodynamic limit. This is expected since at this
point region I vanishes and the spectrum is of a differ-
ent nature. In order to gain some insight to the spec-
trum at this special point we look for solutions of the
eigenvalue condition L(0) (z¯, ∂z¯) Ψ
(0)





p = 0 imposing the eigenvector to be a polynomial of or-
der at most 2s in z¯. Remarkably, at this special point
the eigenvalue problem can be reduced to the solution
of the hypergeometric differential equation and we have
Ψ
(0)
ρn (z¯) = (z¯−1)n 2F1(n+1, n−2s; 2(n+1); 1− z¯), with





with n ∈ N0. The same procedure for sectors q = ±1
yields Λ(±1)n = ∓ih − Γ+Γ0+Γn(n+3)4s . Therefore, we find
5that the timescales dominating the decay of the popula-
tions and the coherences, respectively T1 =
∣∣∣ReΛ(0)1 ∣∣∣−1 =
2s
Γ and T2 =
∣∣∣ReΛ(1)0 ∣∣∣−1 = 4sΓ+Γ0 , diverge with s.
In conclusion, we provide an exactly solvable case
of a dissipative system with a non-trivial steady-state
where the spectral properties and eigen-modes can be
systematically studied in the semiclassical regime of large
spin. The example provided in this letter explicitly shows
that conserved super-operator charges can be used to
construct exact solutions of integrable Liouvillians in
the same manner conserved quantities do for integrable
Hamiltonians. This construction provides another route
for finding exactly solvable models of dissipative open
systems.
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